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Il mOSCHEeHUA NCKYCCTBA aHAIN3a HANO IpUBe-
CTH HEKOTODEIe 00pasIbl 3a4a4... Bee 3aKI0Uaioecs
B HUX 3aTPYAHEHUSA MOYKHO CBECTH K JBYM CJIEAYIOIIM
npobieMamM OTHOCUTEIBHO MY TH...
1) ITycTs faHa AJaWHA IPOXOANUMOrO IYTH; TPeby-
eTcsi HafiTU CKOPOCTD JBUIKEHUS B JaHHOE BpeM .
2) Ilycts maHa CKOPOCTH ABUMIKEHUS; Tpedyercs
HaWTH JIVHY OPOIAEeHHOTO Ty TH.
H. Hviomon

ITepBoit mybauKkamuein mo auddepeHINaIbHOMY UCUUCICHUIO SBU-
Jach Hebosbilas 3amMerka Jleiibuuita, mossusiiasicsa B 1684 rogy B mep-
BOM HayuHOM kypHayie «Acta Eruditorum». Oua massiBamaces «HoBbIM
MeTOoJ TPO0 MaKCUMYyMbl I MUHUMYMBI 1 OTpelesieHne KacaTeJbHbIX, He
U3MEHAINNUNCA B Clydyae APOOHBLIX MW UPPAIMOHANBLHBIX BEJIUYUH, U
CIeI[UAIBHBIN CIOCO0 MCUMCIeHUA K HEMYy» W OblLIa IMOCBSAIIEHA M3yde-
HUIO TeOMEeTPUUECKUX 3aau 1 3a7]a4 Ha SKcTpeMyM. Heo6xoaqumMo cKasarThb
TIPY 9TOM, UTO IBYMA NECATUIETUAMU PaHee K OCHOBHBIM IOHATUAM AuU(-
depernuaabHOTO McumMcaeHus npuien Hruiotron. B 1671 rogy on mpen-
craBus B KopoJjieBckoe o011ecTBo pykomnuchk paborsl «Meron GiaroKcuii u
0ECKOHEUHBIX PAJOB C IMPUJIOKEHUEM K I'e€OMeTPHM KPUBBIX», KOTOpad
CoOXpaHWJa CBOE 3HaueHmMe U B Hale BpeMmsa. C camoro Hauasa HrioToH
crpous audepeHnaIbHOe NCYNCIeHre KaK anmapaTr ecCTeCTBOSHAHMUA.
ITopasuTenbHbIe, MPOPOUECKHE CJIOBA O CynHOCTU Au(GEepeHIInaIbLHOTO
Y WHTETPaJIbHOTO MCUMUCIEHUs, KOTOpPbIe IPUBeAeHbI B snurpade, B3sThI
M3 OHOTO M3 BeJIUUYANIINX HAYYHBIX TPYAOB 3a BCIO MCTOPUIO UeJOBeUe-
cTBa — ero «MaTeMaTnuecKuUX HauaJ HATypaabHOI umocopum» (1687).

B XVIII Beke B Tpygax Jiiyepa, Jlarpanika u Ipyrux y4eéHBIX MaTe-
MaTHUUYECKHWH aHaJn3 JOCTUT CBOMX BBHICOUAMIIIX BEPIINH, IBUBIINCH pe-
aJLHOM 6230 IJIA MOCTMYKEHUS 3aKOHOB MPUPOILI U PA3BUTUA TeXHUKH.
B XIX Beke OblyIu IpeqIIpUHATHI 3HAUNTEJIbHbBIE YCUJINA, HATIPABJIEHHBIE
Ha 00ocHOBaHUe aHaIN3a. HanboJbnasa poJis B 9ToM npuHaAiIe:xkuT Komrm
(omHOM 13 ero BaXKHEHINNX IyOANKAIKH HA 9Ty TEMY CTajia KHUra « Y pOKHU
1o auddepeHIInaILHOMY UCUNCIEHNIO» , onybanKkoBanHada B 1829 roay).
K xoumny XIX croserus B Tpynax BeiiepmiTpacca oopmulics cmocod nsjio-
JKeHHUs HauvaJ aHAJIn3a, COXPaHuBIINHACA 40 HAmuX gueii. Kpome camoro
BeiitepriiTpacca, BKJaA B ero pa3paboTKy BHecau BoJsbitano, [legeKuHs,
Kanrtop, Ko u gpyrue marematuku.

B mepBoit uacTu HacTosAlell OPONIIIOPHEI PACCKA3bIBAETCA O Hadajax
IuddepeHIMaILHOTO UCUNCIeHnA. Beioay, Te 9To BOSMOYKHO, ITPeAMeThI
00Cy:KIeHUA PACCMOTPEHHI C TPEX TOUeK 3peHuss — (GU3UUYEeCcKoil, nayIen
ot HrioTOHA, reoMeTpuUecKoii, BOCXonAlneii Kk JIeHOHUIY, 1 aHaIuTHAUe-
CKOIi, 3aJI0KeHHO! B Tpyaax Komwu. Cuuraercs, 4To 9TO COOTBETCTBYET
TPEM CTUJIAM MBIIJIEHUA, KOTOPHIe TPUCYIIH JIOAAM: WHTYUTUBHO- (M-
3UUYECKOMY, BOOOPA3UTENIHLHO-TEOMETPUUECKOMY U aJTOPUTMUYECKU-JIO-
ruyeckomy. Ho B Halmle Bpemsi MOABJISIETCST HOBBIH MOAX0/] — KOMIIBIOTED-
HbII. BKpaTile MbI KacaeMcs 1 ero.



Bo BTOpOI# yacTu GPOIIIOPHI PACCKA3BIBACTCS O MPUIOKEHUSIX TUQ-
epeHITnaIbHOTO UCUNCICHUA K eCTeCTBO3HAHNIO, TEeXHUKE, TeOMETPUH,
asire0pe M HEKOTOPHIM JPYTUM O0JIACTAM SHAHUM.

Ha cc. 20—21 usobpaskeHa «0Ch BpeMEHH», Ha KOTOPOI OTMeUeHbI
BaKHeHIMe 9Tanbl pa3BuUTUA AuddepeHIinasbHoro ncunciaenud. [locre-
IIEeHHO, IIar 3a marom OyzeT paccKkas3aHo O BKJaje B pasBurtue quddepen-
IMUAJTHLHOTO UCUMCIEHUS BCEX IPEACTAaBJICHHBIX HA OCH BPEMEHU YUEHBIX.

YACTIA

Bor cospan HaTypaibHBIE YHCIa, & BCE OCTAJb-
HOe — JIeJIO PYK YeJIOBeUeCKIX.
JI. Kponekep

B ocHOBe Bceit MaTeMaTUKHU JIEJKUT MOHATHE Uncaa. A UTO TaKoe Uu-
cs0? Ha aTOoT BOIIPOC 4eJI0BEYEeCTBO OTBEYAJIO HECKOJIbKO THICAYEIeTHH 1
(Kak emy mOKasajaoch) pasperrnio ero B Kouie XIX Bexka. Ho B XX Beke
OIIATH BOSHUKJIX CIIOPHI O CYIIITHOCTH YHCeJI, HE YTUXaIoIliue U IIOHbIHE,

B XIX Beke ObLIO MPEJI0KEHO 0UEHDb IIPOCTOE TOJKOBAHME: YUCJLO0 —
9TO OecKOHeuHas Oecamuinas 0pobs (Ipu 3TOM APOOM, OKAHUMBAIOIITUECST
HYJAMH C 1n-TO 3HAKa IOocJe 3amAToil u gaeBsaTKamu ¢ (n+ 1)-ro smaka,
CUUTAIOTCA OMUHAKOBBIMMU)¥).

MHO0:K€eCTBO UmCces MOKHO IPEICTABUTL TEOMETPUYECKU KaK IPAMYIO
¢ BbIOpaHHBIM MaciiiTabom. JI10001 TOUKe 5TOM IIPSIMOI MOKHO OJHO3HAU-
HBIM 00pa30M COIIOCTABUTH UMCJIO0, 1 Hao6opoT (puc. 1).

—0

-1 0 1 2 3 4 5
Puc. 1

Bce MBI 3HaeM BaKHeHIINe TOJMHOKECTBA YUCEII: HAMYPALbHbLE YU-
caa N (mosoKuTe bHbIE C HYJSAMHA IOCJe 3anaToit); yeavle 7 (ai00bie ¢
HYJAMH TIOCJIe 3amAToi), OpoOHble AN payuoHanbHule (Q (mepuoguue-
CKUe JIeCATUYHBbIe Apo0n)**) u, HAaKOHeIl, «Bce» (JeiicmaumenbHole, NI
eeujecmeerHble) uncia — R,

1. Yucn00,0101010101... aBasieTca pafuOHAIbHBIM (IIOCKOJIBKY €T0

JecsITUYHASA 3amMNUCh Iepuoamyeckas). Kak oHO 3amuceiBaeTcs B BUJE
OTHOIIIEHU JBYX HATYyPATbHBIX ?

*) PasymeeTcs, B KaueCTBe OCHOBAHUS CHCTEMbI CUMCJICHUS He 0053aTe/JIbHO BBIOUPATH
unciso 10, mogoiiaér aoboe HaTypanabHOe yncyao. Hanpumep, And HYK] BRIYUCIUTEIbLHON
TeXHUKU ObIBaeT yAo0HO IPEeCTABJIATH YKMCaa mo ocHoBaHuio 2. Ho B aroii OGpormnope aisa
OIIPeseIEHHOCTH MBI OyeM HCI0JIH30BATE JININD AeCATUYHEBIE 3aIUCH.

#%) TIpu 9TOM KOHEUYHBIE JEeCATHYHBIE APOOU CUUTAIOTCA MEPUOLUYECKUMIU C IIEPHOAOM,
COCTOSAIIUM W3 OLHUX HyJeil.
JIByms uepramMu CjieBa BBILEJIEHBI 3344l AJisI CAMOCTOSITEIBHOIO DeIleHus. 3a4adn
[IOBBIMIEHHOM CJI0KHOCTU OTMEUEHBI 3HAKOM *,

4

2. Axmujjec CTapTyeT B CTa METPaX IMO3aA1 YePelnaxu 1 0€XKUT CO CKO-
pocthio 10 Mm/c. Uepenaxa HaunHaeT ABMKEeHNE OJHOBPEMEHHO ¢ AXMJI-
Jecom u 3a ceKyuay mpeogosieraer 0,01 m. Kakomy m3 MmHOMKecTB —
N, Q uiu HE OGHOMY M3 HUX — IPUHAAJIEIKHUT YKCJIO, PABHOE PACCTO-
AHUIO (B MEeTpax) OT cTapTa uepemaxw B MOMEHT, Korza Axuiiec eé
HACTUTHET?

3. IIpuBeguTe mpuUMep UYMCIA, HE SBJISIONIETOCS PAI[MOHAIBLHBIM¥).

HarypasbHbIe 4nciia BOSHUKJIN B He3alaMsaTHbIe BpemeHa. B erumner-
CKUX Manupycax, HAaIMCAHHBIX IPUMEPHO 4 THIC. JIET TOMY Ha3aJ, IIPo-
U3BOAATCA AeHCTBUA C APOOAMU; APEBHUE I'PDEKU O0OHADPYIKUIA UPPAUUO-
HaJabHble yucaa (He SBISIONIHECA APOOHBIMH); MPUMEPHO MOJTOPHI ThI-
cAYM JIeT TOMY Hasaj] B HAWM mpuayMaau HYJIb U JeCATUUYHYIO 3alUCh
HATYPAJbHBIX YKCEJI; OTPUIATEIbHEIE UKCJIA IOABUINCH COBCEM HEJABHO,
B XVII Beke. ITocTpoenwne Beeit unciioBoii cucremsl (T. €. R) ObLI0 ocyIige-
ctBieno [leneknunom, Betiepitpaccom, Bonbiatno, KanTopom u HeKoTO-
peivmu gpyrumu matematukamu XIX sexka. B XIX Beke ObLIN IIOCTPOEHEBI
TaKk:Ke 1 KoMmiieKcHbie uncaa C.

B umnciossix cucremax (Q, R m C ompeapensroTrcs onepamuy CJIOMKe-
HUSA, BBIYNTAHUSA, YMHOKEHUA U JeJieHuA (KpoMe AeJIeHusi HA HYJb), B
u R mmeeTca mopAAOK (OJA ABYX UMCeJ BCerja MOYKHO CKasaTh, PaBHBI
JIV OHU WUJIM OJHO ITpeBocxXoauT Apyroe). Yucimosasa cucrema R (B oTamuume
ot Q) nopsadkoso nosrna: eciu UMeeTCsA BO3PACTAIONIASA TOCIEeN0BATEIb-
HOCTB UHCeJI, KOTOPbIe OTPaHNYeHbl KAKNUM-TO OJJHUM YHMCJIOM, TO 3Ta TO-
CJIEOBATEIBHOCTh «CTPEMUTCSI» K HEKOTOPOMY ONPEAeJIEHHOMY UHUCIY.
Ona Taxske mempuuecku noana (kak u C, Ho He (Q): mpexessl TAKUX 1O~
CJIe0BATEIBbHOCTE! HE BHIXOIAT 32 MHOYKECTBO YK CEJL.

Bcé aT0 OBLIO YyCTAHOBJIEHO BO BTOpO#M moJsioBuHe XIX Beka, u Ha
KaKO0e-TO BpeMs BCe YCIIOKOUJINCh.

ITopaBasroiiee OOJBIIMHCTBO MATEMATMKOB W HBIHE BIOJIHE YIO-
BJIETBOPAIOTCSA TaKUM TOCTpoeHmeM uuceji. Ho HEKOTOpble MaTeMaTUKH
XX croysetusi cTajud BAPYr TOBOPHUTH, UTO MM KOe-UTO HesCHO. Benn
ec/ii KTO-TO YTBEPIKIAET, YTO €My TOYHO M3BECTHO HEKOTOPOE UMCJIO, TO
OH IOJIKeH Jaub0 yKasarb, Kakas mu@dpa crouT HaA, CKaKem, IIEeCTOM,
MATHAAIIATOM WJIX JIIOOOM MHOM MECTe II0CJIe 3aIIsATOM, NJIX JOKAa3aTh, UTO
3a KOHEUHOe BpeMs dTOT JeCATUUYHBI 3HAK MOYKHO BBIUUCINTD. A UTO JKe
WHAYe MOKET 03HAYATh, UTO JAHHOE YKCJIO JeHICTBUTEJILHO M3BECTHO?

Bo3bMEM AJIA mpHMepa UeThIpe 3aMedaTeNbHBIX YHCaa: V2, T, e u
30Ji0TOE ceueHme., Hu ogHO M3 HUX He ABJSIETCS YMCJIOM B HAIIIEM OIIpe-
IejeHuu, nOO He MPEeIbsBIeHA HU OJHA MPEACTABIAIOINIAA UX HECATAY-

V-1
Hasd Opo0b, a M3BECTHBIE CUMBOJIBI dTUX UNCET — \/E, meu —5

9TO, TAK CKa3aTh, «IICEBJOHUMBI». Bojiee TOT0, HUKTO He CKasKeT BaM 6es

*) KoHEeYHO, MOYKHO IPUBECTH YKCJIA, BPOJe V5, HO TpebyeTcs eIé J0Kas3aTh, YTO OHO He
ABJIIETCA PAOHAJIBHEIM, T. €. UTO €T0 JeCATHYHAas 3alluCh He IepUOoauYecKasd.



1

a) V2 — numaromase KBagpaTa CO
cTOpOHOII 1.

L 1 |
0) ™ — [AJIMHA OKPYXKHOCTH IWa-
merpa 1.
y
o 1 2 €3 x

8) Ywmcno e TaKOBO, UYTO ILIO-
mwagb 3alITPUXOBAHHON (QUIYPBL
paBHa 1.

} 1 |
V5-1
2

— 30JI0TOE CedueHUe.

2) o=

Puc. 2

BBIUHCJIEHUH, UeMy paBeH, CKayKeM, COThIHA
JEeCATUYHLIN 3HAK JIIOOOT0 M3 3TUX UMCEl.
4, Yemy paBHO UMCJIO

V245 + V25 2

equHuUIEe? KOPHIO m3 AByx? T? e? wmiu
yeMy-TO gpyromy?

B sTo0ii Gportiope MpuBege bl aJITOPUT-
MBI JIJIS BEIYUCJIEHUA JIIO00TO M3 3TUX YHUCEJT
C IOMOIIBIO JINIIb YeThIPEX apudmernue-
CKUX AelicTBUiI 0€3 MOMOINU KaJbKYJIATO-
pa miu Komubiorepa. Ho cHauasia Ham HAZO
BBISICHUTD, YTO OTH YKCJIA O3HAYAIOT.

OmnuinemM 5TU 4YHUCIa TEOMETPUUYECKH
(puc. 2, a—=z). Kopeur m3 aByXx — 3TO
OTHOIIIEHNE IJWHBI OUATOHAJIM KBajapara
K JJINHE €T0 CTOPOHEBI, TT— OTHOIIIEHME JJI-
HBI OKPY’KHOCTH K UaMeTPy, € — 3TO TAKOe
YHCJIO HA BEI[eCTBeHHOM OCH, UTO ILJIOIAb
KPUBOJIMHENHOM Tpanenum, OrpaHuYeHHON
rpadpukom y=1/x, ockto Ox M TPAMBIMU
x=1 u x=e, paBua 1 (cm. puc. 2, 8).
TeomeTpuueckoe TMOCTPOEHWE 30JIOTOTO
ceueHUA MOKas3aHO Ha puc. 2, 2.

g Toro, 4ToOBI IPUBECTU IApPYyTrue
IICeBAOHMMBI UHCJIa T, MOXHO BCIIOMHHUTH
pasHbie (OpPMYJIbI IJIA TJIOMIALEd U 00h-
émoB. Ha camom gese cymiecTByeT 0eCKO-
HEYHO MHOTO TaKUX IICEeBJIOHNMOB. B cBA3U
C 9TMM MOJKHO YIOMSHYTb TAKOM 90301,
Opumasxasr JleiitOuuir, mpuexas B AHIJINIO,
CTaJl 3aHOCUMBO TOBOPUTH O TOM, UTO OH Ha-
yuuJicAa CUuTaTh pAAbl. U meiicTBUTENIBHO,
OH IIPUAYMAJI, KAK COCUUTATD P

Z 1 1 1 1

nnrD) 1.2 2.313.4
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¥ HEeKOTOphIe IMoA00HLIe. AHIINUaHe Jajinu
eMy COCUMTATDH P

1 _1,1,1
ZN?=F+?+?+""
ne
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cuutan Jdinep. Cymma okasasach paBHO# —-. BooOie, Bce paabl Buaa

L
6
1

Y 11,1 1.

2k 2k 2k 2k
n® 1% 2% 3

IPU BCEBO3MOXKHBIX HATYPAJBHBIX k cXoxATcd (T. €. UX CyMMa paBHA He-
KOTOPOMY KOHEYHOMY YHCJY), U B OTBETE YYACTBYET YMCJIO TTB HEKOTOPBIX
CTeNeHAX.

Onumiem AJITOPUTMBI BBIYMCJIEHUA HA3BAHHBIX I‘IETI:»IpéX quceJI.

Il BHIUMCIEHNUA uncaa V2 MOKHO BOCIIOJIB30BATHCA €TI0 IPEeCTa-
BJIEHVMEM B BHJIe I[EITHOM Apoou*)

Ve-1+—— o
2+ .
2+ ——

2+.

¥ 3aTe€M BBIUHMCJIATH MOCJIEN0BATEIbHOCTh MOAXOAAIINX Apobeit. A MOXK-
HO [eHCTBOBATH IIO-APYIOMY, BBIYHCIAS IIOCIELOBATENBHOCTH {X,}, THe
1

x, = 7<xn,1+i) npun>1,

X, — JI000€e 4mceIIo.
2 xn—l

IIpenen aTo# mTOC/IEIOBATEIBHOCTHA PABEH V2.

5. BrrumcinTe yeThIpe MOAXOAAINNE APOOH Uncia V2. CkoaBKO necs-
TUYHBIX 3HAKOB IIPHU 3TOM OKAXKYTCSA BEPHBIMU ?

*) B rauecrBe smurpada K 5TOMY paszesy BbIOPDAHO M3BECTHOE HU3PEUCHUE HEMEIKOrO
matemaruka XIX Bexa Jleomosnbsza Kporexkepa. OnHO 13 TaKUX «JeJl PYK YEJIOBEUECKUX»,
0 KOTOPBLIX OH FOBOPUT, — IPSMOE OIIMCAHNE NeACTBUTENbHBIX UKNCE] UYepe3 HATypaJbHbIe
¢ mOMOIIbIO menHbIX apobeii. IIpeacraButhy ynciao a € R B Buze menHol Apodu — 3HAUUT
3aImucaTh ero B BUIe

ng +.

rfie n — IeJoe, a OCTAJIBHBIE YUCA Ny, Ny, ... — HATypaibHbIe. [y TOro, 4T066I IPUAATE
CMBICJI HAaITUCAHHOMY CHUMBOJIY, HYXHO YMETH CKJIaAbIBaTH L(pO6I/I U IIOHMMAaTh, YTO TaKoe
upegen. IlpenmosiaraeTcs, 9YTO CKJIaAbBIBATH APOOY YMTATENb YMeEET, a O IpeJesaX MBI eIé
IIOI'OBOPUM. Horca JKe HaM XBaATHUT TAKOI'0 IOHMMAaHNA: HAAO0 IIOCJIeL0BAaTEIbHO BBIYNCIIATH
nodxodauwjue npodu
1 1
n, n+—, n+——— wur.na.,
ny 1
ny+—
ny
1 MOAYJIb PAa3HUILBI MEXAYy YJI€eHaMNu 3TOI>’I IIOCJIeOBATEJIPHOCTH M 00 HAYMHAA C HEKOTOPOro
MOMeHTa OyeT MeHbIIIe JII0O0TO Hanepé/ 3aSaHHOI0 IOJI0KUTEJIHFHOI0 YHCJIA €.



T — [JHHA OKPYKHOCTH AuameTpa 1 — YMCJIO, IPUMEPHO PaBHOE
3,1415926536,

BIIEPBBIE€ MOABUJIOCH B paborax Yuabama I[»xoHca B 1706 roxy (ob1e-
IPUHATHIM 0003HAYEHUeE TI CTAJIO mocye pabor ditnepa 1736 rona), xora
M3BECTHO OHO OBLIIO OYEHb-OYEHDb JaBHO. B OMHOM 13 IEePBBIX 110 BPEMEHHU
MHUCbMEHHBIX WCTOYHUKOB (TaK HA3LIBAEMOM «MOCKOBCKOM TAIUPYCe»)
umeerca (PopmyJia, U3 KOTOPOH BBITEKaeT IPUOJMIKEHNe AJIS T, PaBHOe

9
BCTpedaeTcs npubamxenne unciaa muuciaom V10 =~ 3,16228; a B gpeBauX

2
(E) =3,1605...; B Tanmyme m= 3; B UHAUNCKUX CBAIIEHHBIX KHUTAX

. 355
KUTanCKUX PYKOIINCAX NMEETCA HpI/I6JII/IH€6HI/Ie n= 113" HepBHe cTporue

OIIEHKHU UMCJa TI OBLIM JaHbl ApXUMeIoM: 3;—(1) << 3%; OH ’Ke IpeaJo-

KU, TOXKAJNYyH, CAMBIN II€PBBIII METOJ BLIUKMCICHHUS YKMCIA T IIYTEM OIIN-
CLIBAHUSA BOKPYT OKPY:KHOCTU U BIUCHIBAHUA B Heé MPaBUJIBLHBIX MHOTO-
yroabHUKOB. OlleHKA, faHHAsd ApXUMeIoM, MOJydaeTcs IPU paccMOTpe-
HUU IPaBUIbHOTO 96-yrosbHUKA.

1 3aITOMUHAHUS MTEPBBIX ITUPP AeCATUUYHOMN 3aNCH Tt OBLIO TPUAY-
MAaHO MHOJKECTBO MHEMOHNYECKHX IIpaBuJi. BOoT 0JHO U3 HUX, €ro aBTOp —
OIVH YUYNTEIb JOPEBOJIOIMUOHHON rMMHASUN:

KTO W IIYTA ©W CKOPO IIOXKeJjlaeTh IIN Yy3HaThb, YHCJIO YiK'Bb 3HAETDH
M~ e e e e e Y e N~ ——

3, 1 4 1 5 9 2 6 5 3 6

(Hamo cumMTaTh YMCJO OYKB B KaXKJOM CJIOBE, IIPUYEM IO CTapoil opdo-
rpapumn).

Ha nporsa:keHun MHOTUX JIeT, BIJIOTD IO CETOAHAIIHETO MHS, IIPOWC-
XOOUT «IOHKA» B BLIUYMCJIEHUH NECATHUYHBLIX 3HAKOB 4mcia T. Vcmoib-
3ys pasHbie MeTOoAbl W (OpPMyJbl (HEKOTOPHIE M3 HUX HPUBENEHBI HU-
JKe), MareMaTuKu, a B IMOCJIEJHEe BPeMs W MPOrPDAMMUCTBI, U3 PA3HBIX
CTPaH MHPA 3aHUMAIOTCS BLIUYMCJIEHNEM BCE HOBBIX Y HOBBIX 3HAKOB UM-
caa . OgHO U3 MOCJETHUX AOCTUKEHUI B 3TOM «TOHKE» — 3HAUeHUe Tl
¢ 206 158 430 000 suaxkamu (1999 rox).

Yuciio THE ABAAETCS PAIMOHATBHBIM (9T0 nokasan Morauu JlambepT

B 1766 rony), HO, HATpUMED, YUCIO V2 TOKe He PaIruoOHAJIbHO, OAHAKO
JJIS1 HEeTO eCTh ropaso 6oJiee TPOCThIe CIIOCOOBI BRIUNCICHUA, YeM I T
Hesno B TOM, YTO YMCJIO T ABIAETCS MPAHCYUCHOCHMHBLM, T. €. He SABJISIeT-
cA KOpHEeM MHOTOUJIeHA C MeJbIMU Koadduitmentamu. IToT haKT JOKA3aT
Depaunnaug Jluagemans B 1882 rony, pasperius 0JHOBPEMEHHO BEJIUKYIO
mpo0JieMy APEeBHOCTH — TPo0JieMy KBaApaTyphl Kpyra (HeBO3MOIKHOCTH
TOCTPOEHUA MUPKYJIEM U JIMHENKON KBaJIpaTa, PABHOBEJINUKOTO JAHHOMY
Kpyry). PacckasnsiBaioT, 4To B TOT [IeHb, Korga JInHAeMaHH OKOHYATEJIHLHO
ybennics B IpaBUJIBLHOCTH CBOETO JOKAa3aTeJIbCTBA, OH BCTPETHUJICA C APY-
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3pAMH. Ero Buj ObLJI CTOJIb PALOCTHBIM, UTO OJMH U3 APY3€H CIPOCHII ero:
«YTO0 THI CHUselllb, KAK OYATO THI PEIINJ MPOo0JIeMy KBaApaTyphl Kpyra?».
«A 5 BOT cerosHs KakK pas eé-TO M PeIni», — IMOCJeI0BaJ OTBET.

JIJ151 BBIYMCICHUSA YMCJIA TTMOYKHO MCII0JIb30BATD PAS — 0€CKOHEUHYIO
cymMmy

1,1 1
n—4(1—§+5—?+...).

ATOT pax HocuT um4A Jlelibuuma, Xora 661 u3BecteH y:xe HploTony. AHa-
JIOTUYHO TOMY, KaK B CHOCKE Ha C. 7 IJIs BEIUMCJIeHIsS 0ECKOHEeUHOH IIet-
HOM Jpo0u TIpeaarajaoch BEIUUCASATDH TOAXOAsAIIE Apo0u, AJid BhIUHMCIIe-
HUA 3HaUeHUd pana JleiiGHUIA cieyeT BBIYUCIATh YACMUYLHbLE CYMMbL

1 1 1 1 1 1
4, 4(1-3), 4(1-3+5). 4(1-3+5 7). -

ITocemoBaTEIBLHOCTD OTUX CYMM M CTPEMUTCS K UMCIY TL
. Kak BBl gymaere, CKOJIBKO BpeMEHU IPUIAETCS BBIUUCJISATH, HE
MOJIL3YACh, KaK BO BpeMeHa JleiibHUIIA, HU KAJbKYJIATOPOM, HU KOM-
TMHIOTEPOM, UTOOBI HAWTH C TIOMOIILIO 9TOTO PAJA UKUCJIO Tt C TOUHOCTHIO
JI0 OJHOM THICSUHOM?
BMmecto pama JleiOHMITA MOYKHO WCHOJNBL30BATHL U APYTHE DPANBI¥),
HaTpuMep,

B 101 1 1 1
n=2V3(1-g+ 45— 15+ 735~ 3673 T )" 1)
o111 1 101, 1 1
”_4((§’ﬂ+ﬁ’—6+‘">+(§*_1+ 1215 15309+'"))’
11 1 1
= 16(5 375 15625 546 75 ) -
—4(L— 1 1 _ 1 + )
339 ~ 40055757 | 3 99056325905 311 05104956024553 )"

Bce onm mosryuatoTea us mpeacraBiaenusa GyHKIuu arct x B Buge 6ecko-
HEYHOTO pAfa

=X 4 X X
arct x=x 3+5 7+...

ITouemy 9TO TaK, MBI €IIé 0OCYAUM IIO33Ke.

Yucno e MBI OTpPENeJIUIN TeOMETPUUYECK!: 9TO TaKoe UHCJIO0, UTO
IJIOIAAh KPHUBOJMHENHOM Tpameluu, OrpaHudYeHHOW ockio Ox, rpa-
durom GyHKINM y=1/x U AByMA BEPTHUKAJBHBIMU NPAMBIMH X =1 u
x = e, paBHa egunauIe. OHO OKa3bIBaeTcs paBHbIM 2,718281828459045...

*) JIas MOJIyYeHUu A OAMHAKOBOM TOYHOCTY B BRIYKCJIEHHUH TT IPY IIOMOIIM psifa JleiOHu-
ma u, cKkaskeMm, paga (1), y mociaenHero cienyeTr OpaTh MeHbIIee YUCJIO YACTUUHBIX CYMM.
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([l 3aIIOMUHAHUSA €ro IIePBLIX U@ CYIIECTBYeT CIAeIYIOIee MHeMOHM-
YyecKoe IpaBuJio: e — 3To 2,7 u nBa pasa rog poskaeHus Jibea ToscrToro.)
O6osHauenue sTomMy umucyay gaua Jditnep. HorHa e Ha3pIBAIOT Henepo-
8blLM YUCJOM B UECTh IIOTJIaHCcKoTO yuéHoro [I:xouna Hemepa, nusobpera-
TeJd JoTapu(dpmMoB.
VY uucia e umeeTcss MHOTO BaK-
\ HBIX CBOMCTB. BoT 01HO 13 HUX (MHO-
§ rIa OHO IPUHUMAETCA 3a oIpeeie-
?? HUe): OKas3bIBaeTcsd, 4TO K e CTpe-
MUTCS MOCJIEOBATEIbHOCTh

n
= (11"
Hoxakem aTo. OTMETHM Ha OCHU
Puc. 3 Ox toukm 1, , 2, , .. n1l n
rne =1+1/n. Paccmorpum nps-
moyroasEmEu ( —1) 1, (2—) 1/, ( 2y 172 .,("= "1
1/ "1, pacmososKeHHBIe TaK, Kak IOKasaHo Ha puc. 3. ILmomazs
KaKJI0TO U3 9TUX N MPAMOYTOJbHUKOB paBHa — 1 = 1/n, mosTomMy cymma
ux miaomiager npu Jgiobom n paBHa 1. Ilpu yBenmuenuu n oObemsuHe-
HUe NTPAMOYTOJbHUKOB IIOXOAWUT Ha (urypy mox rpadpmxom y=1/x,
IpM TOMOIIM KOTOPO# OBLIO ompeneseHO umciao e. Takum obpasowm,
IIOCJIeAOBATENBHOCT , = " CTpEMHTCA K e.
Taxk ke Kak | T, YHCJIO e SIBJISIeTCA TPAHCIeHJeHTHLIM. BIiepBbIe 3TO
ObLIIO JOKA3aHO apJjem dpmuTom B 1873 roay.

0JIOTO€E CeYeHHne — HPpPpanruOHaJIbHOE YNCJI0, PaAaBHOE

5-1
‘/—T —0,618033983...
ITO UMCI0 paBHO TaKoil (00JbIei) 10JIe OTpes3Ka, IpPu KOTOPOii BECh OT-
PE30K OTHOCUTCS K 9TOM CBoeii 6OJIbIIeil yacTi, KaK OOJIbIITasd YacTh OT-
HOCUTCS K MeHbIneii. IIpu mepeBose Ha A3BIK AJAre0pHI IMOJydYaeM, UTO
30JI0TO€ CeUeHMe YA0OBIETBOPSIET YPABHEHUIO

1_ x
x 1-x’
OTKYyZa
x2+x—-1=0.

OTpes3ok, paBHBIN IO JJIVHE 30JIOTOMY CEUEHMIO, MOYKHO IIOCTPOUTH C II0-
MOIIBIO MUPKYJIA U IMHEN KM : HAJI0 IOCTPOUTH IIPAMOYTOJbHBIA TPEYT0JIb-
HUK c KaTetamu 1 1 1/2 1 OTHATH OT TMIIOTEHY3bI OTPE30K, paBHBIH 1/2
(cm. puc. 2, 2).

0JIOTO€ CEUEHWEe YyYacCTBYeT BO MHOTMX WHTEPECHBIX MATeMaTh4e-
CKHUX COOTHOIIEHUAX. Hampumep, OTHOIIEHWE CTOPOHBLI IPABUJILHOTO
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NATUYTOJbHUKA K JUArOHAJW PABHO 30JI0TOMY ceueHuio (puc. 4, a);
30JI0TOE€ CEUYeHHWEe PABHO OTHOIIEHHWIO IIOJOBHHBLI PA3HOCTH AUaMeTpa
IIOJIYOKPY¥HOCTU W AJIMHBI CTOPOHBI BIIMCAHHOTO B IIOJYOKPYMHOCTBH
KBagpara (gBe BepIIMHBI KOTOPOrO PACIIOJIOMKEHBl HA AUaMeTpe, a IBe
HA TOJYOKPYsKHOCTH) K AJHHE CTOPOHBI 3TOr0 KBampara (puc. 4, 6).

——— L
a) 0)
Puc. 4

IlepBoe nmpousBemeHue, MOCBAMIEHHOE 30JI0TOMY CEUYEHUIO, TIPUHA-
aexxkut JIyke ITaumosu, oHo HasbiBaeTcA «O 00KeCTBEHHOII TPOIIOPIIUT » .
IIo MHEHMIO HEeKOTOPHIX MCTOPMKOB, HA3BAHME «30JI0TOE CeYeHMEe» IIPHU-
"Hagae:xkut Jleonapno na Bunuu. Cumraercs, 4To 30JI0TOE CeUeHUE MMe-
eT OOJIBITIOe ACTETUUECKOe 3HaUeHe: HEKOTOPhIe NcCaeoBaTeNIn JpeBHell
apXUTEKTYPHI IOJIAraloT, HAIIPUMED, UYTO IPOIMOPIMY MHOTHX M3BECTHBIX
apXUTEKTYPHBIX coopy:Kenmil [{pesueit I'periuu 6;1m3K M K 30JI0TOMY ceue-
HUIO. J[[0OBOJIBHO CIIOPHBI CYKAEHUS O TOM, YTO CTPOEHUE YeJIOBEUECKOTro
TeJia ¥ BOOOIIe MHOTHE COOTHOIIECHNA B »KUBOM IPUPOIE CBA3AHBI C 30J10-
THIM CeUeHWEeM, HO TaKle BbICKAa3bIBaHU eJIaloTCs YoKe Ha MTPOTAKeHUN
AT BEKOB.

PaaosxkeHue 30JI0TOr0 ceUeHUs B IEITHYIO APO0L MMeeT BUL

1
1
1

1+ L

1+.

1+
1+

Buaure, KaK OHO COBEPIIIEHHO YCTPOEHO
. Berumcaure ueThbIpe MOAXOAANIMX APOOU 30J0TOTO ceueHusi. He
HAIOMMHAIOT JIX YNCJIUTEIN ¥ 3HaMEeHATeJIN 3TUX APo0eii KaKou-HuOy b
M3BECTHOM MOCJIeIOBATEILHOCTH ?

MpbI BUUM, UTO ITO-HACTOAIEMY HOHATD, YTO TAKOE YHUCJIO0, BO3ZMOIKHO
JINIIIH OCBOMBIIIKCH C MOHATHEM nipegesia. Ho cHauasa Ham npeacraBiser-
¢ He0OXOAMMBIM PACCKa3aTh O MOHATUY PYHKIINN.

11



4]

Korzga HexoTopoe KOIM49ecTBO 3aBUCUT OT JPYTUX
TaKIM 00pasoM, YTO IPY N3MEHEHHUAX IOCTeSHUX 1 Ca-
MU IO BepraioTcs H3MEHeHHIO, TO IePBbIe Ha3hIBAIOTCA
(YHKIIMAME BTODBIX.

JI. iaep

IToustue pyurnuu cramso ¢hopmupoBatrhea auinb B X VII Beke. Co-
riacHo npexacraBieHuaM XIX Beka, YHKYusA — 3TO MPABUIO, KOTOPOE
OOHOMY YMCJIY (13 HEKOTOPO!i COBOKYIHOCTH UWCEJ, Has3hbIBAeMOil 00/a-
cmb onpedesernus) OTHOSHAUHO COMOCTABISIET APYTroe YUCaI0. PYyHKIINYN
¢ o0sacThbio ompeaesieHua N Ha3bIBAIOT nocaedosamenviocmamu. Yucmao-

Bble (DYHKIUM HEpeaKo 0003HAUAIOTCA CUMBO-

aom ( (x) — oTO 3HAUeHVE DYHKIMK HA Y-

ciae x). I[TocaemoBaTerbHOCTH YaCTO 000O3HAUAIOT
— {xn}nFN'

IIpumepsl. 1. IIpocreiinias GyHKIUSA HA
R — aT0 KOHCMAHMA, COMOCTABIAIOIAA JIFO0O0-
My umcay u3 R ogHO u TO JKe YUCJIIO:

(x)=co t (puc. 5, a).

2. Baxknelimaa pysknua Ha R — auneil-
Hasi:

(x)=kx (puc. 5, 6).

Eé orpannuenme Ha N HaswpIBaeTcsa npamoil
nponopuyuoranbHocms . Tak Ha3bIBAETCS IIO-
CIIeIOBaTeJIbHOCTD X, = kn. A e11é Bbl, KOHEYHO,
3HAaeTe ypaBHEHHE HEBePTUKAJILHOU MPSIMOM:
(x)=Fkx+ .
Puc. 5 B 3apy0esKHBIX Kypcax aHajIusa, KoTrnaa
peub 3axX0auT 00 onpeaeeHn (PYHKITNHI, O0BIU-
HO ccounatorca Ha Ilerepa [upuxsae, mpuBoaa ero ciosa: «Ecam...
KaKIOMy OTAEJIbHOMY X OTHECEHO OJHO OIIPEeAe;IEHHOE Y, TO IEePeMeH-
Has y HasbpIBaeTcs QyHKIuel x». Takoe TonkoBaHMe MOHATHSA GYHKIIUU
CJIOJKMJIOCH He cpady. Hekue BecbMa 00Iue, HO TYMaHHbIe BO33PEHU HA
9TOT cuér BhIicKa3biBas Jleitbuuir. Ho camo ciioBo «(pyHKIMA» BIEpBBIE
mosiByaseTcAa y Hero.  aH [{anmambep mon GyHKITMEH MTOHUMAT «aHAJIUTH-
YecKoe BhIpasKeHm!e» , JUJIep — «TO, UTO MOKHO BBIUEPTUTH KapaHAaIlioM
ua gucre oymaru» . (Ho, ¢ gpyroii croponsr, ou nucan: «Korma vekoropoe
KOJIMUEeCTBO 3aBUCHUT OT APYTMX TAKUM 00pa3oM, UTO MPU U3MEHEHUU
IIOCJIEJHUX M CaMHU IIOABEPrarmTCad M3MEHEHUIO, TO II€ePBbI€ HAa3bIBAIOTCA
byHKIMAMU BTOPBIX».) Jamnun BepHyaam cumraj, 4TO MPOM3BOJIHLHAA
nepuoAuueckas (PYyHKIUS MOKeT OBITh 33J]aHA TPUTOHOMETPUYECKUM
PADOM IO CMHYCcaMm M KocuHycam. Pasropesica crop, Kakoe u3 ompejesie-
unit (Janambepa, diepa uau I, Beprynnu) camoe obiee. VI moubIHE

12

B 9TOM Bompoce mMmerorca HescHocTu. B XIX Beke crajam CKJIOHATHCA
K TOJIKOBaHMIO QyHKIUM B 1yxe caoB Hupuxmae. Ho, moxkanyii, emé ayd-
mie (1 paubmie Jupuxiie) ugeio QyHKIUOHAIBHON 3aBUCUMOCTY BHIPA3UII
H. U. Jlo6aueBckuii. O mucan: «OOIIUPHBIN B3TJIA TEOPUU JOMYyCKAET
CYII[€CTBOBAHNE 3aBUCHMOCTH B TOM CMBICJIE, UTO YMCJIA OJHU C JPYTUMU
NPUHUMAJINUCH KaK Obl JAHHBIMU BMeCTe». ITO OJIUBKO K COBDEMEHHOMY,
MPUHATOMY B OOJILIIMHCTBE MAaTEeMATHYECKHX KHHUI, OOIIeMy OIpe-
IeJIeHUI0 (PYHKIIMOHAJIBHONM 3aBHCHMOCTH (OXBATHLIBAIOIIEMY IIOHATHE
uncyioBoi yuKiuu). OHO TAKORBO.

IIycTh maHbl [BA MHOYKECTBA U , U IIYCTHh BO MHOXKeCTBe nap (x,y),
rige X IPUHAMJIEIRKUT , a Yy IPUHAJJIEKUT , BBIJEJIEHO MOAMHOKEeCTBO I
TakKoe, UTO ecjau mapa (x,y) IpUHAMIEKUT ', TO HU IPU KAaKOM WHOM
y ywus mapa (x,y) vHe npuHaaiaexut I'. Torga roBopar, uto 3agaHa

yukyus u3 B (oboszmauenwme: y = (x)). Muo:kecrBo I' HaswiBaercs
ezpa uxom .COBOKYIHOCTHTEX X, HA KOTODPHIX OTIpe/ieIeHo 3HaUeHue (Xx),
HaA3bIBaeTCsA 00acmb onpedeseHUs YHKYUU ; COBOKYIIHOCTH TeX Y,
IJIsi KOTOPBIX CYII[ECTBYEeT TAKOW 3JIeMEeHT X, 4TO Yy = (X), HA3hbIBAeTCs
obnacmv  HaueHuil .

Takoro poja onpeneeHus CTaJN BO3MOKHBIMY HA 0ase TeOPUU MHO-
JKecTB, HauaJla KOTOpO# ObLIn 3ajioskeHBI I'eoprom KanTopoMm B KOHIE
XIX cronerusi. HucmoBbie QyHKIMU — 3TO QYHKIUHU, ¥ KOTOPBIX  —
9TO MHOJKECTBO umces; QYHKIMKA OTHOI IIePEeMEHHON — 3TO UMCJIOBBIE
(GyHKIMU, Y KOTOPBIX — 3TO TaKJKe unucja. PyHknuu Ha R nzobpaka-
0T B Buzie rpaduKoB. PucyioT gBe ocu — rOPM3OHTANBHYIO AJISI X U Bep-
TUKANBHYIO ANd y = (X), ¥ HAA X OTKJIAALIBAIOT (x). PucoBaTh rpaduku
(GYHKIIUH OZHOU ITepeMeHHON Havau co Bpemén Jlekapra u @epma.

BcmmoMHUM ueThIpe Ba)KHBIX TpUMepa QYyHKIIMOHATIBHBIX 3aBUCUMO-
creii (puc. 6).

1) Crenennaa pyarnua (x)=x, R, x > 0%).

2) TpuroHoMeTpuuecKkue GYHKIUU: CUHYC, KOCUHYC, TaH-
TeHC, KOTAHTEHC U 00pAaTHBIE K HUM.

3) Toxasarenbuaa pysrmua (x)= , 0, 1.

4) JJorapudpmuueckasa pyarnusa (x)= o x, 0, 1.

MHorouseHsl, MOPOK/JAEMble CTETIEHHBIMU (PYHKIUSAMY C HATYPaJb-
HBIM IIOKAa3aTeJeM — 3TO OJHO W3 BAYKHEHUINUX CPeACTB NPUOIMIKEHUS
(GYHKIIUH, TaK KaK OHU TPEOYIOT AJIs CBOETO BHIUMCICH U JIUIITH OTIePAIA A
CJIO}KEHUS, BEBIYUUTAHUA U YMHOKeHusa. DyHKINY, IpeicTaBUMbIe B BUe
OTHOIIEHNS ABYX MHOTOUJIEHOB (PAIMOHATbHEIE DYHKI[UN), TAKIKE UTpa-
IOT UCKJIIOUYUTEJbHYIO POJib B aHanuse. O0parHasi mpOIOPIMOHAIBHOCTD

*) Pagymeercs, IpM HATypaJbHBIX  MOJKHO OIDENeNIATh CTENeHHYI0 (DYHKIMIO AJA
BCeX , a IPH LEJbIX MOJOMKHUTeJbHBIX — aaa <R 0. Ho B ompegeseHun obOmeit
CTemeHHON (QYHKIUU MIPUXOAUTCS PACCMAaTPUBATH 0 (mogywmaiite, mouemy).
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(byurmusa (x)=1/x) gacTo BCcTpeyaeTcsi U B JKUSHH, U B husuke (BCIO-
MHUTe, HAIIPUMep, NIPABUJIO pbluara), pyekmua (x)=1/x> BeIpaxaer
onvH n3 HanboJiee BayKHBIX 3aKOHOB IPUPO/bl — 3aKOH BCEMUPHOTO TATO-
TEeHUS: CUJIA B3AUMOAEHCTBUA MPUTATUBAIOIINX APYT APyra TeJa o0paTHO
TMPOMOPIIMOHANBbHA KBAJAPATy PACCTOSAHUA MeXKIy HuMHU. Tpuronomerpu-
uecKue QYHKIMY ONMUCHIBAIOT KojebaTesibHbIe TPOI[eCChl, KOTOPhIE OUeHb
pacmpocTpaHeHbI B IPUPOJe, HAaITpuMep, ouerue cepama. [lokasareabHbIe
(GYHKIIUY OIMMCHLIBAIOT CTPEMUTEJNLHO PA3BUBAIOIINECA IPOIECCHI, BPOie
menHoW peakmuu. Jlorapudmbl ObLIN TPUAYMAHBI OJIsI 00JIETUEHUSA BbI-
YUCJIEHUH, B KOMIILIOTEPHYIO 9Py UX POJb 3HAUNTENHLHO YMEHbBIINIACE.
Yuraresab MOXKET IMIOTPEHUPOBATHCA B OOpAIeHUH C 9JIeMEeHTAPDHBIMHU
(GYHKIIMAMY, OTBETUB Ha CJIEAYIONINEe BOIPOCHI:
. Uemy paBHO 3HAueHHe IIOKA3ATEIbHON (GYHKIHMM 2 mpu x = V2
C TOYHOCTBIO JJO COTBIX ?
. UeMy paBHBI3HAUEHUA i XU O 13X C TOYHOCTBIO IO COTHIX IIPH X,
PaBHOM YHCJY BaIux jJet*)?

DyHKIUYU OBLIBAIOT HETIPEPHIBHBIE U Pa3pbiBHbIE. ['pad K HeIpephIB-
HOM (DYHKIIMM MOYKHO HAUEPTUTh, HE OTPhIBAaA KapaHJallla oT OyMmaru
(puc. 7, a). [Ipumepom pa3pbIBHOM (QDYHKINY ABIAETCA QYHKIUA i X —
3HaK x (puc. 7, 6). Oma paBaa 1 mpu x 0, —1 mpu x <0 u 0 mpu x=0.

Bort ompenenenne HempepbiBHOCTHU. [IycTh QYHKIMA omIpenesieHa HA
uHTepBase < x < U TOYKAa X, IPHHALJIEKUT 3TOMY HHTepBaly. @yHK-
LUs Henpepv.éHa B TOUKEe X, €CJIHU [JA CKOJIb YroAHO MAaJIOIO YucJa
€ O mangérca raxkoe umciyo & 0, uTo AJA JII000TO UMCIIA X, OIS KOTOPO-
ro x—x, <0, BBIIOJHEHO HepaBeHCTBO (x)— (x,) <& (puc. 8). A eciu
(GYHKI[US HETPePhIBHA BO BCEX TOUKAX KAKOT0-TO YMCJIOBOTO MHOKECTBA,
TOBOPAT, UTO OHA HENPepbL6HA HA MOM MHO ecmeée.

*) Bompoc o sorapu¢me Bo3pacra ObL1 3afaH . B. 3eqbpRoBHYEeM, ONHUM U3 CO3JaTeeH
mepBOi aTOMHOM 60MOBI, B 3SMMHIOI0 ceccrio 1947 roga mepBoKypcHuKyY VM HKeHepHO-(DU3U-
YECKOro MHCTUTYTA (HA3BIBABIIErOCs TOTAA M3 COOOpasKeHuil ceKperHocT MexaHmuyecKum
MHCTUTYTOM). IIepBOKYPCHIKOM OBLI MOJIOZOMH UeJIOBEK, IIPOBEIINIT UeTEIPe I'0/ja B TOCIH-
TAJIAX [IOCJIE IOJYYeHHOrO HA BOMHE DAHEHMs. TTECTAT 00 OKOHUYAHWY IIKOJIEI €My BEIAAIN
21 urouda 1941 rosa, HO IPHUCTYINUTEL K OOYUYEHUIO B HHCTUTYTe OH CMOT JuInb B 1947 roxy.
«Cronbko Bam et », — cmpocui 3enbpRoBud. «J[BagmaTh UeThIpe», — OBLT OTBET. « Hemy
PaBHBI Ba 3HaKAa IIOcJIe 3amsATOR Jorapudma Bamrero Bospacra ». 3eIbL0BIY 0XKULAI, UTO
CTYZAEHT yIIyOuTCs B NOJTME BEIYUCIEHNSI, HO eBa OH yCIlesl IPOM3HECTH! CBOI BOIPOC, KaK
0b1s1 mosryueH oTBeT: «1,38021». «Kak BbI cocumTanu Tak OBICTPO » — M3YMUJICA 9K3a-
meHaTop. CTygeHT OTBeTHU/I: « A HA BCAKUI caydail mepej 9K3aMEeHOM BBIYYHJI 3HAYEHU S
Jorapu®MoB BceX HaTyPAJIbHBIX YHCEJI...» . ITO OBbLIA ITYTKAa, a CYTh fjeJia TakoBa: 24 =2 3
ucienoBaTespHo, | 24=3 ;| 2+ | 3upgnaABelUHCIeHuA | 24 LOCTATOYHO 3HATH

1 2m 1 3. Cryzenry, o KOTOpOM HAET pedb, IPUXOAUJIOCH MHOTO BBEIUUCJIATE, I OH
[IOMHWJI 3TH ABa uucJa (Tem Gosee, 4To orapnudm IBOUKY OY€Hb CHMMETPUYHO BBITJIAJUT,
ox pasen 0,30103, a sorapudm tpoiiku pasex 0,477121). I ocraBaioch JUIIb CIOKUTH
0,90309 1 0,477121.
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IIpumepaMu HePePBLIBHBIX MYHKIIUHA «U3 JKUSHU» MOTYT CIYKUTH
BBICOTA TMOABEMA Ju(TAa B 3aBUCUMOCTH OT BPEMEHU, TeMIlepaTypa B
My3eiHOM 3ajie (3anuchbiBaeMasi Ha JIEHTe

CaMOITMCIIEM) B 3aBUCHUMOCTHY OT BPEMEHU x
M T. 0. :
(0 coxpaHeHun 3HAKaA HEMpPe-
puiBHOM (QyHKIMM). HempepniBHasA Ha
uHTepBase (DYHKIUA, IOJOKUTENIbHAS
B KaKOM-TO TOUKE 9TOr0 MHTEpBaJA, CO- o \J >
XpaHAeT 3HAK B HEKOTOPOH OKPECTHOCTH [

9TOI TOUKU.

ITocmoTpuTe Ha puc. 7, a, BCIOMHUTE
ompenesieHre HeMPePBIBHON (QYHKIUU, U
BCE CTAHeT SICHO.

Jra JeMMa BIOJIHE CcOoTJacyeTcsa CO
3IPaBbLIM CMBICJIOM: €CJI Bbl CTOMTE HA
xojame y Oepera MOps, BbI HE CMOJKe-
Te MTHOBEHHO CIYCTUTBhCSA K MOPIO,

a)

x
1
(0] x

Ha 5TO0 moTpebdyeTcss HEKOTOpPOEe BpeMs. -1
ITO BBI3BAHO TEM, UTO Ballla BLICOTA HAT

YPOBHEM MOpPA KakK (PYHKIUA BpPeMeHH 0) ()=
HemnpepbIBHA. Puc. 7

HemnpepsiBHbIe QYHKIMY OMUCHIBAIOT
60/ UUOHHble TPOIECCHI, T. €. TaKwue,
B KOTODBIX He MPOUWCXOAUT CKaukoB. Ho x
MHOTHWE IIPOIECCHI B IPHUPOJE HA CaMOM
Ieje ckaukooOpasHbl. (B dumocodpunm us-
JlaBHA TOBOPUJIOCH O «PEBOJIIOIMOHHBIX »,
CKauKoOOpasHbIX M3MEHEHUSAX, HO Ma-
TeMaTUuecKas TeopusaA TaKWX ABJIEHUN
MOSABUJIACH JIMIIb BO BTOPOI IOJIOBUHE
XX Beka u ObljIa Ha3BaHA Meopuell kama-
cmpo )

Cunenyloieit Hatieir 3amaueit Oymer
ompezeieHre MPOU3BOAHOM — BaK-
HEeHIero MOHATUA MaTeMaTUUYeCKOTO aHajmsa. Booline roBops, OIpe-
JeJieHVe TTPOM3BOAHONW MOMKHO [aTh, OCHOBBIBASICH JIUINbL HA MOHATUU
HempepbIBHOMN (GyHKIUU (3TO OyaeT mpozaenano Ha ¢. 24). OgHaKo Takoe
ompezesieHne 3a4acTyi0 OKa3blBAETCA HEYNOOHBIM /IS BHIUUCJIEHUS IIPO-
W3BOIHOM, ¥ MPUXOAUTCA MOJIH30BATHCS IPYTUM OIIpeeieHrIeM, KOTOPoe
PaBHOCHJILHO IIEPBOMY, HO TPeOyeT HCIOJb30BAHUSA IOHATHS IIpeaesa
¢yuknuu. [Tosromy ceituac Mbl mepeiiiéM K PACCMOTPEHUIO IIPEIesIOB
¥ TOJIBKO IIOTOM OTIPEJIeJINM IPOU3BOIHYIO.
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KonnuecTsa .. , KOTOPBIE B IIPOJOJIMKEHUE JIIO-
00ro KOHEUHOTO BpEMEHU ITOCTOAHHO CTPEMATCA K pa-
BEHCTBY U PaHee KOHIA 9TOr0 BPeMEHH! IPUOINKAIOTCS
IPYT K APYTY OJvsKe, HesKeJlu Ha JII00YIO 3aJaHHYIO Be-
JIUYNHY, OyAYT B Ipefesie PaBHbL.

H. Hvromon

Teopus: mpemesoB ObLIa cos3zana (mpeumyinecTBeHHO Korm) moutu
[Ba BeKa CIIyCTs IIOCJIE POKAEHUA MaTeMaTniecKkoro anaaunsa. 06 aTom xo-
poio ckasdan Puxapa Kypanr: «Besynpeunoii u scHoii GOpMyJIUPOBKOIL
ocHOBHBIX MOoHATHI Komiu nosés no KoHma Hauatoe y:ke B X VIII croretrun
JIeJIO M3JIOMKEHUSA BBICIIIEr0 aHAJIN3A... M JOCTUT B 9TOM 3aKOHYEHHOCTH,
cTaBIIIell BO MHOTHX OTHOIIIEHUSAX 00pas3IioBOii».

Yro ke Takoe mpenesa? JlaBaiiTe OTBETHM Ha 9TOT BOMIpPOC He cpa-
3y, a cHauaJia mopaccyskjgaem. Hauném ¢ mpezesia mocjieoBaTeIbHOCTH
(byukuu, onpenenéHuoi Ha N), a MOTOM ITOTOBOPUM O mpexaesie QyHK-
nuu, oupegeseHHon Ha R.

Kaxnoil mocienoBaTeIbHOCTH X, MOXKHO COIIOCTABHUTH I'paduk cry-
neH4aToll (DYHKIIMHU, paBHOIl x, Ha IoJyuHTepBaxe n, n+1) (puc. 9).
¥V mac mosyumnsiochk HeUTO Bpojie OeCKOHEeUHOM JecTHUILbI. [Ipeanosioxkum,
YTO BBI UAETE IO 9TOH JiecTHHUIle. Eciin eé BhICOTa BCE OJMKe M OJMIKe
K KaKOMY-TO YHCIy X, TOBOPAT, YTO X — 3TO Ipefe MOCIe0BaATeIbHO-
CTH xn, U IMAIIyT

im x, = x ¥).
n

Hanpuwmep, npenes nocJsenosareiabHoctu x, = kn, B 0 pasen bec-
KOHEUHOCTH: IMOJHSBIIKNCH J0 KAKOro-TO YPOBHS, BBl IIOTOM HUKOTIa
HE CIYyCTUTECh HUXKE, W IPU DTOM «BO3bMETE» JIIOOYI BBICOTY (CM.
puc. 9, a).

1 . IIpeamonokum, 94TO BEI UAETE I10 JIECTHUILE, BLICOTA CTYIEHU KO-
Topoii paBHa 0,2 M. HaunHasa ¢ KaKo# CTyIeH! Bl MOJHUMETECH BhITIIe
yHHuBepcUTeTCKOro mnuida? dapopyca? Osepecra?

IIpenes nocienoBaTeIbHOCTH X, =1/n paBeH HyJIO: BBICOTA CTyIIe-

HEK BCE MeHbIIle M MeHBIIle OTJnuvYaeTcsa oT HyJad (cMm. puc. 9, 6). A, cka-

« T
KeM, OCIe/I0BATeIbHOCTE X, = 1 ==, T. €. {1,0,-1,0,1,0, ...}, mpexgena

HEe MMeeT: CTYIIeHbKHU UAYT TO BBepX, To BHU3 (puc. 10).

Hagum Temeph TOUHOE OIpeeeHre Ipe/esia MOCiel0BaTeIbHOCTH.
Uucso X ecth npedes MOCIENOBATEIBHOCTH {X,} NPU 1 , €CJIU I
CKOJIb yroguo masioro umcia € 0 Halimércd Takoe HATypaJbHOE YHU-

CJIO , UTO OJdA J11000T0 HaATypaJbHOIO 1 BBIIIOJTHEHO HEePpaBEeHCTBO
x,—x <&
"') CumBon IOIPOUCXOAUT OT JIATHUHCKOI'O CJIOBa — MeXa, 'paHuna, npeneJ.
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11. JTaiiTe oupeneseHne TOro, UTO IIPeeJ MOCIeI0BATEeJILHOCTH Pa-
BeH 0ECKOHEUHOCTH.

12. MokasKkuTe, 4TO IMPEAE] CYMMbI JBYX ITOCJIEA0BATEILHOCTEH pa-
BEH CyMMe IIPe/ieJiOB, a IIpefeJs IIPOU3BeNeHUs ABYX II0CJIEI0BATEIb-
HOCTEHl paBeH IIPOUW3BEIECHUIO IIPEIesOB.

Temepr gagmm ompenpeseHnue mpeneaa Y

dyurmuu. FoBopar, uTo mpexes PyHKIIHT T ©

(x) B TOUKe X, PaBEH Y,, €CJIAU AJIA CKOIb 11 o
yroguo majsioro € 0 manpérca rtakoe & O, o
4To AJd J1000ro X X,, AJIA KOTOPOTO 0 g t t t —

x—x, <90, BepHO, 9TO (Xx)—Yy, <¢e. (O60-

; a) =1/2
3HaUeHHe: Yy, = im (x).) 910 o3HaUaer,

4TO IPH X, OMU3KHUX K Xy QYHKIUA IPUHA-
MaeT 3HaueHusd, OIU3KHE K Y,. aMeTHM, 1+
YTO HA 3HAUEHUe mpeaesa GyHKIIUU B TOU-
Ke X, HUKaK He BJuAeT 3HAaUYeHHWe camoil

ol
=t
®

(GYHKIIUY B 9TOU TOUKeE. 6)
13. Joxaskure, 94TO Puc. 9
im( (x)+ (x))= im (x)+ im (x), y
1
im( (x) (x))= im (x) im (x). x
o] 1

14. Ookakure, uto QpyHKIuA (X) He-
TIpEepPBLIBHA B TOUKE X TOTAA U TOJIbKO TOT- Puc. 10
Ja, korga im (x)= (x;).

Yxaszsaunue. Bcmomuure ompemese-

HUEe HENPePHIBHOU (DYHKIMU, IPUBEHEH- 1
Hoe Ha c. 16.
DyHAaMEHTAJLHYI0 POJIb B aHaIu3e x
UIrpaloT CAeLyIOIIre ABa Ipeaesa: 0

n
im(1+1) —e uw im—X-=1.
n n 0o X

IlepBBIfi 13 HUX HAM ysKe BCTpeYaJiCA
Hac. 11 (cm. puc. 3). Ha puc. 11 npuseneno

reoMeTpUUYecKoe JOKAas3aTeJbCTBO APYTOTO Puc. 11
paBencTBa (OHO HOCHUT HA3BAHUE «IIEPBBIHA .
3aMeuaTeNbHBLIN mpernesa»). leficTBUTeIbHO, AIWHA TYTHU paBHa 2x.
Ona 3aKJIOUeHa MeXKAy AJUHaMU OTPEe3KOB =21ixm =2t x.Pas-
JIeJINB OBOMHOE HepaBeHCTBO 2 i x<2x<2t xHa 2 i x, MOIyYum, 4TO
1< X < L_
X X

A mockoapkyco x lumpux O, orcioma m ciaemyeT Tpedyemoe.
19
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OTMeTHuM elé OAUH «3aMeuaTeJbHbINA» IpPeIes:

im——==1.
0 x

Onwupasics Ha 9TH IPeebl, HETPYJHO A0KA3aTh, UTO TPUTOHOMETPH-
uecKkue QyHKIuu (CUHYC M KOCUHYC) U ITOKasaTeJbHble (DYHKIINN HEempe-

pPBHIBHEI Ha R (TIpomesaiiTe aTO).
y

15 . Jokakure, UYTO IOCJEHOBa-
TeJbHOCTS {X,}, Te

1 2
X, = E (xn71+x—)

n—1

npu n > 2, a x; paBHO, Haupumep, 4,

cxomuTes K V2.

Yrkaszaunue. Cm. puc. 12,

OpHAaXbl, BOWAA B ayAUTOPHUIO, JIopA KenbBuu
CIIPOCUJI CTYAEHTOB: «YTo Takoe — » U IOJYYHJI

B OTBET BCEBO3MOJKHBIE CI)OpMaJIBHBIe onpenesIieHud.
— OcraBbTe 9TO, — BOCKJIMKHYJI OH TOormga, —
— — 9TO CKODPOCTH

ITousitusi mpousBogHOM 1 guddepeHmuana GyHKmum (HAPALY C MMO-
HATHEeM HWHTerpaJja) ABJIAIOTCA OCHOBHLIMM B MaTeMAaTHUYECKOM aHAJU-
3e. [IpaBusia omepupoBaHus ¢ auddepeHragamMu MOJYYUJIN Ha3BaAHUE
Ju  epeHyUaabHO020 uciucaeHus. B aToM paszaese o0Cy:KAaeTCsa MOHATHE
MPOM3BOJHON M PACCKAa3bIBAETCs 00 OCHOBHBIX mpaBmax auddepeHu-
AJIBHOTO UCYUCJICHUS.

BcmomHuM cioBa HpioToHa, MpuBeNEHHBIE B KauecTBe smurpada
K aToi Oporrope. OaHoii 13 ABYX OCHOBHBIX 3ajau HbIOTOH Has3bIBaeT Ta-
Kyio: «IlycTs jaHa ajimHa IPOXOAUMOTO Iy TH; TPeOyeTcs HaliTu CKOPOCTh
IOBUYXKEHUS B JAHHOE BpeMs» .

Omnepanusa HaXOXKIAEHUA CKOPOCTHU IO ITyTH U Ha3bIBaeTca Ou  epeH-
yuposaruem. PyHKINA, KOTOPAs IPU ITOM ITOJIYUAETC, HA3BIBAETCA NPO-
U 800HOI (T. €. CKOPOCTHh — IPOM3BOAHAA NyTU 1O Bpemenu). [lonsaTue
TMIPOM3BOHON MMEeT YeThIPe BAXKHBIX TOJMKOBaHUA — Gusuueckoe (Huio-
ToH, 1662—1664), reomerpuueckoe (Jleibouum, 1684), anHaauTuueckoe
(Komu, 1823) n annpokcumarusuoe*) (Ppemre, 1912).

IlepBasa TpaKTOBKA MOHATHSA MPOM3BOAHOI, IpenaokeHHada HbioTo-
HOM, TAKOBA: IPOU3BOAHAS — 9TO CKOPOCTH ABMIKYII[ETOCHA TEJIA B JaHHBIH
MOMEHT BpeMeHH.

*) OT TaTUHCKOTO
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— IpuOJIMIKAIOCh.

HBaamarbio rogamu mo3ske JleltOHUIL OIpeaes s IPOU3BOIHYIO TaK:
3HaueHMe IPOU3BOJHON (PYHKINHU, N300pakEHHOIT HA rpaduKe, B JaHHOMN
TOUYKE PABHO TAHTEHCY yIJjia MeKIy KacaTeJbHOu
K rpauKy QYHKIMU B 9TOM TOUKE 1 OChIO abcIice y
(puc. 13).

Cienyetr MOsICHUTH, TTOUEeMy B KauecTBe 3Ha- o
YeHHSA IIPOM3BOAHOII OepéTcd MMEeHHO TaHTeHC
yrJja HaKJOHA KacaTeJbHOIl, a He caM yroj, miau, Y= %
craskeM, ero cuHyc. OgHA M3 MOTHBUPOBOK Ta-
KOBa: COTJIACHO <«IIPAaBUJILHOMY» OIIPEIeIeHUIO,

NIPOU3BOJHAA IUHeHHOH QYHKINE = kX JOJKHA ol \J = x
paBHATHCA k. leficTBUTEIBHO, IPY PABHOMEPHOM

IBUKEHUH CKOPOCTh — ODTO OTHOIIEHWEe IIPOii- Puc. 13.
NEeHHOTO IIYyTH KO BPEMEHW JABUKEHHA. HAUYHT, a= ()

B KauecTBe 3HAUEHUS IIPOU3BOAHON HY)KHO OpaTh
YIrJIOBOM KO03((PUIIMEeHT KacaTeJbHON K rpauKy, T. €. TAHTeHC yIJja eé
HaAKJOHA. YpaBHEHNE KacaTeJbHOH K rpamKy B TOUKe X, MMeeT BH]

y= (xo)(x—2x9)+ (x0)-
1 . HanumuTe ypaBHEHHe KAacaTelIbHOIl K rpadukxy QyHKIuIEm x2
B TOUKe X = 2.

Heob6xogumo ckasaTth, uTo Hu HbioTOH, Hu JIeiiOuuIr B cBouX padorax
He JaBaJIx YETKOrO0 OIIPeieIeHN sl IIPON3BOSHOM, BBICKA3bIBAS JIUIIIb HEKO-
TOPBIE MHTYUTUBHBIE COOOPaAKeHUs Ha dTOT cuéT. BriepBoie ompeaenenmne
IPOU3BOAHOM OBLIO chopmynaupoBano Koilin, 1 MMEHHO 5TO OIpeaese-
HHE CTaJI0 OOINENPUHSTHIM ¥ B HACTOSAIIEE BPEMs MCIIOJb3YETCS IOUTH
BO Bcex Kypcax anaimsa. Corsacuo Komm, nmpousBogHas — 3TO mpenedt
OTHOIIIeHUd Ipupamienus yHKnuu (x+ x)— (x,) K IpupalieHnio ap-
ryMEHTa X IOPU X CTPEMSIIEeMCS K HYyJ0:

m (x + x)— (x)_
0 x

CorJyiacHO anmnpoOKCHUMATHBHOMY OIIPEIEJIEHUI0, NPoU 800HAS YHKUUU
6 MouKe X, — 9TO UHCJIO TAKOe, YTO

(ot x)— (x9)= x+ ( %),

rIe im w =
0 X
onpejeeHre TpPoudBogHOM o Dpeiire Ajid GYHKIIUHA OJHOTO II€PEMEHHO-
0 MPaKTUUeCK! He OTanuaeTrcsa oT onpenenenud Kommu, [na pyHKmii
MHOTUX (1 Jake 0€CKOHEUHOTO YKCJIA) TIePeMeHHbBIX ompeneaeHnue @perie
0CTaéTCsi KOPPEKTHBIM B OTJINUME OT OCTAJIbHBIX, TAK KaK MIPOU3BOAHAS B
TaKOM CJIyuae — 9TO He UHCJIO, a INHeHaA QYHKIINA.

0.9rouncao obo3Hauaerca (x;). AINIPOKCUMATHBHOE
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W3 nociremuero onpeesieHus Jerko BLIBECTH eIlé TaKoe O peiesieHme
nuddepennupyemoctu®): pynknua puddepeHnmpyemMa B TOUKE Xy, €CIN
B HEKOTOPOIl OKPECTHOCTH TOUKU X, IMEEeT MeCTO PaBeHCTBO (x)— (xg) =
=(x—x0)9(x), rme dyHKIUA ((Xx) HeIpeprIBHA B TOUKe X,. llpu sTom

(x9) = ¢(xy). OTO OIIpPENETEHHE TTO3BOJIAET ONPENENUTH IPONSBOAHYIO J10
ompeesIeHns Mpegesia U B Psifie CJIydaeB 00JieruaeT BbIYUCICHUE TIPOU3-
BOJHOI.

IIpumepsl BoiunmcaeHusa npousBoguoii. 1 .IIpoussoguas
KOHCTAHTHI PaBHA HYJII0. PuanuecKasi TDAKTOBKA 3TOTO TAKOBA: €CJIU aB-
TOMOOMJIb CTOUT, €r0 CKOPOCTH PABHA HYJIIO.

1 . IIpuBeguTe ocTasbHBIE UeTHIPE TPAKTOBKY — 110 JleiOuuIy, Ko-
miu, @perre 1 ¢ TOMOIBIO PYHKIIUA §.

2 . Ecau rpadpur GyHKIIUM — OpsaMasd, TO yroJ, o0OpasoBaHHBIN e
C TOPU30HTAJIBHOM OChIO, OAMHAKOB BO BCEX TOUKAX, 3HAUUT, ecan (x) =
=kx+ ,T0 (x)=FEk.9TO0 JIeTKO BBIBOAUTCS N30 BCEX OMpeHeJIeHU .

A Temeps IBaYKAbI BOCIIOJIB3YEMCS IISITHIM OIPeIeIeHIEeM.

3 . Ecim (x) =2, mox?—x2 = (x—xy)(x+x,), byrrmus ¢(x) = x+x,
HeIIPEPBIBHA B X, U ¢(x,) = 2x(, BHAYHUT,

(x2) =2x.
AHaJIOrIYHO, HCIOJAb3ys 6uHoM HploToHA, mosydaeM, 4To (x) = nx" !
(n N).

4 . Ecam (x)= %, TO %f xi = (x—xo)x_—lx, 3HAUUT,

B caepyromniem nmpumepe 6e3 MOHATHSA IIpeAeaa 000HUTHCh TPYLHO.
5 . Ilogcumnraem mpoudBogHyIO cuHyca. Umeem:
(x+ x)— x_ . ( x 2)

im im
0 x 0 x 2

im co (x+ x/2)=co x.
0
(MpI mcosib30BaJI CBOMCTBO MIPOM3BEAeHUA IIPEIEJIOB, MePBLIN 3amMmeya-
TeJBbHBIH IPeles 1 HeIIPEePhIBHOCTL KOCHHYCA.) AHAJIOIUYHO,
(co x) =— 1 x.
6 . Hcmoab3ys saMeuaTeIbHbBIN IPee A1 9KCIIOHEeHThI, II0JIyYaeM:

im - = e im T = e,
0 X 0 X
T. e. (e ) =e . ITO COOTHOIIEHNE OO'BACHSAET BBIJAIOIYIOCA POJIb UMCJIA €
B MaTeMaTHYeCKOM aHaJIu3e.

*) Takoe ompefeJieHne IpUBeAeHO B ogHOoi us oporrtop O. C. MUsamésa-MycaToBa.
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(IpousBoAHAsT CYMMBI,
MIPOM3BEAEeHN A, YACTHOTO U CJIOMKHON PYHKITUM).

(()+ (x) = )+ (x), (2)
((x) (x)) = (x) )+ (x) (x), (3)

@) - () @- @ @
(-5) - s (ecmn (X)) (4)

(C@)) = ((®) (). (5)

Dopwmyia (2) ciegyer us TOro, 4TO MpPeAes CyMMbI PABEH CyMMe Tpe-
menos. [IpugymaiiTe aToMy (husnuecKkoe 00'bsICHEHUE,

A BoT nu1s (hopMyJIBI IPOMBBOAHON pousBenenus (3) A He 3HAIO (hu-
3UYeCKOro 00bsiCHeHus (1 3HAO JOBOJLHO CIIOPHBIE TeomeTpuyecKue). Ho
«aNIpPOKCUMAIMOHHOE» JOKA3aTeJIHCTBO BEChMA IIPOCTO:

(x+ x) (x+ x)— (x) (x)=
=((@)+ (x) x+ 1 )P (X)+ (x) x+ 3 x)— (%) (¥)=
= x( (x) ()+ (x) (x)+ ( %),

roe ( x)= (x) o( )+ (x) ;( )+ {( x) 5( x). N3 cBoiicTB CyMMBI U

. X
NpOM3BEJeHMs NPE/eNIOB CleAyer, wro  im (—x) =0, OTKy/a BBITEKAET
MCKOMOE COOTHOIIIEHHE.

TaksKe JIETKO JoKasbkiBaeTcA (opmysa A MPOU3BOAHOM CJIOMKHOMN
dyarmuu. Bocnonbayemca nareiM ompefeneHueM. Ilyers ()— ( o) =
=( = W), (¥)— (Xg)=(x—x0)(x) U GYHKIUK § ¥ § HEIPEPHIBHSI
B o= (x3) m x, coorBercrBerHO. Torma

( ()= ( (%)) =( ()= (x)UW( (x)) =(x—x0)d(X)Y( (x)),

OTKYZA U CJenyer, uTo cjaokHad pyuknua ( (x)) nuddepennupyema n
(C)) = () ().

@Dopwmya (4) Jerko BEIBOAUTCA M3 JOKa3aHHBIX COOTHOIIIEHUI .

dDopmyJia AJisi TPOUIBOIHON CIOKHON (PYyHKIIMU AAET BOZMOYKHOCTh
BBIUHCJINTE IIPOM3BOAHYIO IOKA3aTeIbHOM U O0IIel CTeIeHHON (DYHKI[UN:

T.( )= )= .

8.(x)=( )= x 1

9 . IIpousBomHAas 00PATHON QYHKIIUY TOMKE IIOJIYUAETCS U3 (DOPMYJIBI
[JIsl IPOM3BOAHOM caoKHOM QpyuKknuu. [Iycrs, Haupumep, (y)=arct y,
y= (x)=t x. Torma, mockoabKy ( (x))=x, UCHOJB3YA PE3YJIbTATHI
npumepa 5 u popmyay (4), umeem:

I=((@) = (@) @W= @ > *, * *=

X

= WL = @+t 2= @A+,

2x
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orkyza (arct x) = ﬁ Boobmie, ecoim  — QyHKIOHUSA, oOpaTHAad K
X

) _ 11
T.e.y= (x),ax= (y), 0 (x) O) ((x)°

C moHsiTMEM TPOMU3BOAHOI TECHO CBA3aHO MOoHATHE nuddepeHIraia.
Ecnu pynruusa nuddepeHiupyeMa B TOUKE X, TO €€ IpUPAIl[eHe COCTOUT
u3 ABYX cjaaraeMbix. [lepBoe 13 HUX eCTh JuHEeHHAasd QPYHKIIUSI OT X. ITO
cjlaraeMoe HABBIBAeTCA Ou  ePeHYyUALOM 6 moike X, U 0603HAUAETCA

(xg)s T.e.  (xo)( x)=  x.Horak kak = (x;), MOXXHO HAIIUCATh
() )= (x9) x.
Eciu (x)=x,T0 x= x(B9TOM ciyuae roBOpAT, uTo nuddepeHIiu-

aJI He3aBUCUMOI IEPEMEHHOM COBIAAAeT C € mpupaIlleHuemM). ¥ YuThIBad
970, moyydaeM, 94Tto (xg)( x)= (xg) x. OOBIYHO TO 3AMUCHIBAIOT KO-
(x)
par
YuraTesib MOKET IMOTPEHUPOBATHCS B BBIUKMCJIECHUN IIPOU3BOIHBIX U
IIPOBeIeHNH KaCaTeJIbHbIX, PEIIINB CAEeAYIONe 3a1aumn.
H 1 . Belumucaute mpousBogHbie QyHKIIUM ¢t X, e .
1

. IIpoBeguTe KacaTeabHYIO K rpaduKy QYyHKIUK 2 B TOUKe X = V2.

poue: (xg)= (x,) x. U3 aToit popmysl ciaenyet, 4To (x,) =

M UM
4] UAN ucumcn M

MHe mpAMO CTBIZHO CKAa3aTh, A0 KAKOr0 YMCJIA
3HAKOB f JOBEJI Ha JOCYTe 9TU BBIUNCICHUA.
H. Hvromon

HaguM cHauvasia BasKHOe OIIpefeeHre JOKAJbHOTO 3KCTPEMyMa
GyHKIUU B TOUKE. OKAJAbHbIM MAKCUMYMOM (DYHKIUU HAZBIBAETCA
Takas TOYKAa, UTO 3HAUEeHUA QYHKIIUU B

HEKOTOPO#A eé OKpPEeCTHOCTH He OoJbIiie
3HaUeHUsA B 9TOH Touke. M3o00paskéHHaAA
Ha puc. 14 GyHKIUSA MMeeT JIOKAJIbHbIE
MaKCHMyMbI B TOUKax , , .AHajloruu-
, HO OIpenesnsiercs: JLOKAJIbHbLL MUHUMYM
AV

y

(rouku , , Hapwuc.14).

Touka, B KOTOpO¥ (PYHKIUSI WMEET
JIOKAQJIbHBIM MaKCUMYM WJIU JIOKAJIbHBIN
MUHHMYM, Ha3bIBAETCA TOUYKOU JL0KAJLb-
HOz0 Kcmpemyma*).

1 (o 1oKanbHOM 9KCTPpEeMyMe, Pepma). [IpousBogHas PyHK-
uuu, nuhdepeHIPyeMoil B TOUKe, I'/ie OHA MMeeT JOKAJbHBIN dKCTpe-
MyM, PaBHA B 9TOH TOYKE HYJIO.

Puc. 14

*) OT TaTUHCKOTO — KpaiiHee.
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HJoxkasarenbcTBO (AHAJTUTUUYECKOE, AJA MAKCUMyMa B TOU-
ke x,). [Ipenen orHOomenmsa passoctu (xy+ x)— (Xy) K X «cupasa»
(xorma x 0) HemOJIOKUTEJIEH, TAK KAK B HEKOTOPOH OKPECTHOCTH X,
BBINIOJIHAETCA HepaBeHCTBO (x,+ x)— (x,) O, acuesa (korga x<0)
HEOTPUIIATENIeH. HAYUT, dTOT IPeIeJI PABEH HYJIIO.

dusnuecKas MHTepOpeTamnus. Eciaum MHTEePNIPETUPOBATH X
KakK BpeMdA, a (X) Kak IOJIOKeHUe IIaphKa Ha MPY'KUHKE, B KpalnHuX
TOYKAaX CKOPOCTH ero paBHa HYJ10. HbIOTOH 3amMeuaTesbHO CKA3aJy O CyTH
Teopembl Depma: B TOUKaAX, rae QYHKI[USA JOCTUTAET CBOMX MaKCUMyMa
WIN MUHUMYMa, OHA «He TeUET HU Has3aj, HU BIIePEn» .

T'eomeTpuueckas mHTepunperamus. KacareabHasda K rpa-
UKy QYHKIUU B TOUKE JIOKAJIBLHOTO SKCTpPEMyMa TOPHM3OHTaJIbHA (CM.
puc. 14).

AnnpokcuMaTuBHAA MHTEepPHNpeTamuA ObLjaa XOPOIIO BbI-
paskena Morannom Kemiepom, KOTOpBI# nucaj, 4To BOJIU3U 9KCTpEMyMa
«M3MEeHEHUA HeCyI[eCTBEHHBI» .

2 (o mpomeskyTouHOM 3HAYeHuU, Komn). Eciiu  Henmpepsis-
HaA HA OTpPe3Ke , , TO aJjs aoborouucaay, ( )<y< () cymecrByer
Touka , < < Takad,uro ( )=y.pyrumu cioBamu, HeIpepbIBHAS
Ha OTpe3Ke QYHKINA NPUHNMAET BCe TPOMEKYTOUHbIe 3HAUEHU A,

y
1 I
0 - |

/
A

|
D= Q-----

Puc. 15

JokasaTeabcTBO, KOTOPOE MbI ITPejaraeM — KOHCTPY K T 1 B-
HOe, JTO 3HAUUT, YTO MBI ONMMCHIBAEM OCYII[ECTBUMOE ITPABUJIO TIOVCKA
HYKHOI Touku (puc. 15). ITycTh ajst onpeneiéHHOCTH OTPE30K, Ha KOTO-
pom (pyHKIMS HempepwiBHA, ecTh oTpe3ok 0,1 , m mpum sarom (0) <O,
a (1) 0. Toxaxem, uro B HEKOTOpO# TouKe maTepBasa (0,1) pyurimusa
obparijaercss B HyJIb. [IpumMeHumM memod deseHus nonosam. Beraucanm
B cepequHe oTpe3ka. Ecim Tam QyHKIIMA paBHA HYJIIO, TO BCE JOKA3aHO.
Ecin 3Ke sT0 He Tak, TO TaM €€ 3HAQUeHUe J1u0O0 IIOJOMKUTEJIBHO, J1u00 OT-
pumareabHo. B mepBom cayuae oropocum otpe3ok 1/2,1 , Bo BTopomM —
orpesok 0,1/2 , m 6ymem ucKaTh HYJIb Ha OCTaBIIIeMcA OTpe3Ke. A nayee
C OTPE3KOM HOJIOBPIHHOf/i OJINHBI IIOCTYIIUM aHAJOTUYHO. JIeBI)Ie 1 IIpaBbIie
KOHIIBI OTPE3KOB, HA KOTOPBIX (DYHKIINSA NMEeT PA3HbIe 3HAKHU, CTPEMST-
cd K OJHOMY U TOMY 2Ke IIpejiely, KOTOphIi MBI 0603HaunMm x. I1o Teopeme
0 COXpaHeHWW 3HAKA 3HAUEHWE B 3TOI TOUKe paBHO HYJO. A goKa-
3aTeJabCcTBa TeopeMbl Koliu B 0011eM cayuae He0OXOAMMO BHECTH B IIPHU-
BEJEHHOE PACCYy KIeHVNe He3HAUWTeJbHble U3MEHEHUS, C UeM UYUTATe]b,
HECOMHEHHO, CITPaBUTCAH.
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2 . Haiigure MeTomoM gesieHus momosiam V2 ¢ TouHOCThIo 10 10 ,
OTBICKAB HYJb (pyHKIHNH X2 — 2 Ha oTpedke 1,2 .
3 (0 KoHeuHOM mpupailesnu, Jlarpau:xk). Ilycrs QyHKIns
HeIIPepPhIBHA U HempepbIBHO-Au(depeHupyema (T. €. eé Ipon3BOJHAA
(x) TaksKe HempepbIBHA Ha , ) Ha oTpeske , . Torma Haiimérca
Takas TOYKa , , UTO

()—0)= @@ - ).
HokasareabcTBO (husumueckoe). Ha hpusnueckom sa3bIKe Te-
opema 3ByUHT TaK. [[Be MAIIMHBI [BUKYTCS 10 IIIOCCE, OTHA C IOCTOSIHHOM

CKOPOCTBIO = 0=-0 , a Ipyras — ¢ HeMOCTOSIHHOM CKOPoCcThIo. ITycTh

B MOMEHTHI BpEMEHU U MaIlTuHbI Ob1Iu pagoM. Torga 00s3aTeIbHO HAM-
IETCsI MOMEHT BpeMeHHU , , B KOTOPBII CKOPOCTH BTOPOI MaIITMHBI
paBHANACH .

U sT0 meficTBUTENHLHO TaK. ECJIM B MOMEHT CKOPOCTH MAIIIWH OBIIN
OIWHAKOBEI, TO BCé JoKa3ano. IlycTh aTO He Tak, M CKOPOCTL BTOPOM Ma-
IIXHLI ObLTIa, CKa)keM, MeHbIlle . 'Torma B KaKOI-TO MOMEHT €€ CKOPOCTh
JOJI;KHA IPeB30#Tn  (MHaAYe el mepByIO MaIlInHy He AOoTHaTh). 1 Hy:KHOe
YTBEPIKIeHNUE CJIeyeT U3 TeOPEMbI O TPOMEXKYTOUHOM 3HAUECHUMN.

TeomeTpuUuecKuii CMBICT TeOPEeMbI 3 TAKOB: HA OTPe3Ke , Bceraa
HaAWUAETCA TOUKA TaKas, YTO KacaTesibHAsA B HEHW mapaJjiesbHa IPAMOH,
npoBenénHoM uepe3d Touku ( , ( ))u( , ( )) (puc. 16).

1 (teopema Ponnsa). Ecau B mpeamoioskeHUAX Teope-
mbl Jlarpamxxa ( )= (), To HaWAéTcsa Takas TOUKa , , UTO
()=0.

W3 reopemsbr JlarpaH:ka ciaenyer, UTO €CJIU IPOU3BOJHAS HA HEKOTO-
POM MHTEpPBAaJIe MOJIOKUTENIbHA (OTPUIIATEIbHA), TO (PYHKI[MA HA 3TOM NH-
TepBaJie MOHOTOHHO Bo3pacTaeT (YObIBAET); UTO eCJIM IPOM3BOTHAS TOMKIE-
CTBEHHO PaBHA HYJI0, TO QYHKIIUA PaBHA KOHCTAHTEe, U MHOTO€ JpyTroe¥).

*) Bac yOegmio mpuBeféHHOE AOKA3aTeNbCTBO Teopembl Jlarpamska J[ymaio, 4To AJis
OOJIBIIIMHCTBA OHO BBITVIAAUT BIIOJIHEe y0enuTenbHo. Ho y HEKOTODHIX BOSHHKHET BOIIPOC:
« TIOYEeMY eCJIM JBe MAIIMHBI CTAPTYIOT OJHOBPEMEHHO U CKOPOCTH OJHOM CTPOr0 MEHBIIe

CKOpPOCTH [pYyroil, TO dTa MAIINHA HE AOTOHUT APYIYI0 ». «IJTO K€ OYEBHIHO», — CKa-
sKeT GosmbmuHCTBO. «Ilouemy OTo akcmoMa » — BO3PAa3UT CTOPOHHUK MaTeMaTHYeCKOMH
CTPOTOCTH.

Ilsisi crpororo mokasaTensCTBa TeopeMbl Jlarpamika cHadasa LOKA3BIBAIOT TEOPEMY
BeitepmTpacca 0 ToM, UTO HeImpephIBHasg Ha OTpe3Ke (PYHKIHUS HOCTUTAET CBOETO MaKCH-
MaJIbHOI'O0 I MUHUMAJILHOIO 3HAUeHuA. 3aTeM — Teopemy Posuis (mo Teopeme BeitepmTpac-
ca QYHKOUSA ZOCTUrAeT U MAKCHMyMAa M MUHUMYMA, €CJM OHU COBIALAIOT, TO (QPYHKIIUSI
IIOCTOSIHHA U €€ MPOM3BOJHAs BCIOAY PaBHA HYJIIO, €CJIH ’Ke OHH PasHble, TO OJUH U3 9KC-
TPEMYMOB JIEXKUT BHYTPU OTPE3Ka, W 3HAUNT, IPOM3BOAHAS B STON TOUKE PaBHA HYJIIO).

u3 TeopeMbl Posiis cienyet Teopema Jlarpasska: Hafo JUINb 3aMeHUTh pyHKIuio ( ) Ha

=0 () —( ) U IpUMeHUTE Teopemy Posns.

3aMeTHM, YTO B 3TOM J[J0OKas3aTeJbCTBE HUTJe He WCIOJb3yeTcsd HeIpepHIBHOCTH
dyakmuu (), T. e. Teopema Jlarpanxa ocTaéTrcs BepHON M AJA (PYHKIUI ¢ PA3PBIBHOM
TIPOU3BOHOI.
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OnuiiieM MeToJ, TP IMOMOIITM KOTOPOT'O MOYKHO MCCJIEIOBATH HA 9KC-
TpeMyM (QYHKI[NH, HETIPEPBIBHBIE HA OTPe3Ke U fuepeHIiupyeMbie BHY-
Tpu orpeska. Hanmomuum, 40 HeIpephIBHAS HA OTPe3Ke QyHKI[Us JOCTH-
raeT CBOMX MaKCHMyMa M MUHHMYyMAa (B 3TOM COCTOUT TeopeMa Beiiep-
mTpacca, CM. CHOCKY Ha c. 28).

Hist orpickarusA a6COMIOTHOrO MuHUMYMa (MaKcuMmyma) GyHKIUA
HA , cJegyeT HaliTu Bce perieHusa ypaBHeHusa (x)= 0 BHyTpu uH-
Tepasia ( , ) (9THM TOUKHM HA3BIBAIOTCA CMauuoHapHuimu). Ilomyctum,
9TO TOYKHU Xy, .., X . Jlajee HaJO HAWTKM HauMeHbIee (HAMOOJbIIIEE)
3HaUeHUe cpenu kpumuyeckux mouex ( ),

(x1) «er (x ), () (pme. 17).

IIpumenum Temepb Teopemy Jlarpan:xa
IJISI BBIBOJIA IPYTUX BAXKHBIX TeopeM nudde-
PEeHIINATBHOTO NCUMCIEHUA.

2 (mpaBmio Jlommrainsd).

IIycte GpyHKIMEU ©  HEIPEepLIBHO-IUQ-

(epeHITEDYyEeMBI B OKPECTHOCTH TOYKH X,

npuuéMm (x9)= (x5)=0,a (x,) 0. Tor-
. (x) _ (x)

ma im ) @)

HoxkasdareannrcTBo. CHauana pac-
CMOTPHUM OTDPE30K X4, Xo+€, € 0. Iaa
X X9, Xo+€ B cuiay Teopems! Jlarpamka

(x)= (x) = (x9)= (O)(x— o),

¢ (x9,x), 1 aHAJIOTUYHO,

(x)="(n)(xy — x).

HAUNT,

x)_ @

(%) (n)
JJI HEKOTOPHIX &, N (x,x,). Temeps ycrpe-
MHM X K X,. Ilomygaem, aTo
G P (I C)
@ Mm@y

AmnanornuHoe paccyxXpeHue Jisd oTpe3Kka X, —§&, X 3aBepliaaeT JoKa3a-
TEeJIBCTBO.

Puc. 17. () — abcoJOTHBIHR
muHEMYM, ( _;) — abcomroT-

. HBII MAKCUMYM.
m

4 (dopmy.a Teitaopa).

@)= @)+ (@)x—%g)+ et~ b (@ —20)") %),

*) Yepead ( ) (umTaeTcs: «0 Majoe OT ») OOBIUHO 0003HAUAIOT (DYHKI[HIO, TAKYIO UTO
—— = 0. IIpo Taxkme QyHKIUN rOBOPAT, YTO OHU O€ KOHEYHO MAL NO DPABHEHUIO
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Ilepssiii miar cpasy ciaeayeT u3 npasuia Jlomuramus:

im (0= ) (),

OTKYyZa

(x)= (xg)+ (xo)(x—2x9)+ (x—xg).

Cnenaem BTOpoO# 1ar. CHoBa u3 mpasuiia Jlomuransa

- (=) ())x—x)_ . x)- (x)_ ()
(x—x )2 - 20x—-x) 2 °

im
OTKYyZa

(

@)~ (@)~ ()a—x)— 5w~ x5+ (x—x,)%), ur.nm.

21. Jlokaxkure, uto ecau (x)=arct x, o 2 (0)=0, 2 ~1(0)=
=(-1) (2 -—2). Ioacrasus x, =0 B Gopmyny Teitsopa, moayaure
pasJyioyKeHue apKTaHTeHCa B P, IPUBEAEHHOE Ha C. 9.

Jna pemmenus ypaBHeHU# Buga (x)= BecbMa d3((eKTUBEH Memod
b mona. OH 3aKJIIOUaeTCA B IIOCTPOEHUY IOCJIEJOBATEJIHBHOCTH, KOTO-
pas CXOAUTCA K PEIeHUI0 JaHHOTO ypaB-
HeHUA. HauaJbHBIN UJIeH IOoCcJIef0oBaTe b
HOCTHU 0epETCs HOBOJIBHO OJIM3KO K MCKO-
MOMY PeIeHHI0, a KaKIbIA CJeyIOUuii
BBIUUCIAETCA IO (popMyJie

- (xn—l)

Xn :xn—1+ (x 1)
n—

BuacTHOoCcTH, mpuMeHeHue meTona HeroTo-

HA K pellleHuIo ypaBHeHud x> — 2 = 0 mpu-

BOAUT K (popMmyse u3 3anauu 15. HeoToH

Puc. 18 OBJIAJIEJI 3TUM METOZO0M U (DOPMYJIOi, BIIO-

ciaencTBUM HasBaHHOM (opmysoir Teiimo-

pa, B cepeaute 1660-x rooB 1 ¢ BOOAYINIEBJIEHUEM BBIUUCJISA 3HAUEHUS

PasIuUYHBIX QYHKIIUHA 1 peIlaj MHOYKECTBO ypaBHeHHH (06 3TOM MOKHO
CYAUTH IO MPUBEAEHHOMY snurpady).

22. Ucnoaways puc. 18, npuagymaiite obocuoBanue merona HeioToHa.

23. Beruncianre sHaueHUd PYHKIUHA 1 X,CO0 X, M X B TOUKEe V2.

24. Permure ¢ TounocTwio 0 10~ ypaBHeHme x — 2x = 5, Ha KOTOPOM

HbI0TOH AeMOHCTPUPOBAJ CBOII METO/] pellleHns YpaBHEeHUH.
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un u #“ UAN ucumcn M
A 4] cC MMEB

B mMupe He mpoMCXOAUT HHUYEro, B 4éM ObI He

OBLT BUJEH CMBICJI KaKOTO-HHOYAb MaKCHMyMa IJIN
MUHHMyMAa.

JI. iaep

IKCTPEeMyM — 5TO TEPMHUH, O0BeAUHSAIONIUNA IIOHATUSA «MAKCHUMYM »
U «MAHHMYM». aJauy¥ Ha HAXOKJAeHHe MAKCHUMyMa WA MUHHMyMa —
HanOOJIBIIIETO U HANMEHbINEr0 3HAYEHU — HABBIBAIOT KCMPeMaAlbHbL-
mu adauamu. IMmeerca MHOK€ECTBO MIPUUYNH, TOOYKAAIOIIIUX CTABUTH U
pelaTs 9KCTpeMaJIbHbIE 3a4aUn. JII0AsIM CBOMCTBEHHO CTPEMJICHNE K JIyd-
meMy, ¥ IOTOMY MM XOUYeTCsS BbIOMPATh HAWUJIYUIIYIO U3 IIPEIOCTABIIAIO-
X CA BOBMOYKHOCTEH., A TOTOMY 9KCTpeMaJIbHbIE 3aaUl, BOSHUKAIOIIINE
B CaMBIX Pas3HbBIX 00JIACTAX 3HAHUS, HAIIPUMED, B TEXHUKE NN 9KOHOMHU-
Ke, UrpaioT 3HAUYNUTEJHHYIO POJIb B MPAKTUYECKON IeATeJIbHOCTH JIIOHEeH.

JToT pasgeli, B 4aCTHOCTH, MOCBAIIEH METOJaM HAXOMKIeHU MaKCu-
MYMOB ¥ MUHAUMYMOB (DYHKIIUI OZHOTO IIEPEMEHHOr0, OMpPeaeJIEHHBIX HA
KOHEUHOM OTpe3Ke , . TOuKy X M3 3TOro OTpe3Ka HasbIBaIOT a0Col M-
HolM MUHUMYyMoM (makcumymom) GyHKIuu , ecau (x) > (x) (coorsert-
cTtBeHHO, (x) (X)) Ansa mo60i# TOUKM U3

JKCcTpeMaJIbHBIE 3a7]Jaut MBI OyZleM 3alUChIBATh B (hopMme

(x) mi (ma ), x .

amuch 3azauu (ecau 3To0 BO3MOKHO) B TAKOM BUJIEe HA3BIBAIOT €€ 0pMa-
AU ayuetl.
dopmanudyeM M PeIIrM TaKylo 3ajauy: HAWUTHU HauOOJBIIYIO ILJIO-
maab TPAMOYTOJBHOTO TPEYTOJBHOTO C 3a/JTAaHHON CYMMOM KaTeTOB.
Pemenue. O603HaunmM cymMmMy KaTeTOB uepe3 , a OJAWH U3 Kare-
TOB — uepes x. Torga Apyroii KaTeT paBeH — X, a ILJIOM[Ab TPEYTOJbHU-

1
Ka — éx( — x). B uTore MbI IpUXOauM K 3a/1aue

1
(x)=§x( —x) ma , 0 x
dyHKIIUA HempepbiBHA Ha KOHeuHOM oTpeske 0, . VYV Heé mmeercs
eIWHCTBEeHHAsA cTammoHapHasa Touka: 0= (x)= —2x, x= /2. Takum

obpasom, Kputnueckue Touku — 310 0, /2, .MakcumaibHOe 3HAUEHUE
GYHKIIUKU JOCTUTAETCS B TOUKe /2.

OTBeT: IPAMOYTOJHLHBIM TPEYTOJLHUKOM MaKCUMAJIbLHOM TIJIOIIATN
C 3aJIaHHOM CYMMOU KATeTOB SABJSETCA PABHOOEIPEHHBIN TPEYTOJbHUK.

B rtpuamareie rogsr XVII Beka einé He cylIecTBOBAJIO MaTeMaTHUue-
CKUX *KYPHAJOB, M Hay4YHbIE JOCTUIKEHUS (PUKCUPOBAJUCH JUOO B KHU-
rax, nu6o B nucbMax. CBO# MeTOJ OTBICKAHUA SKCTpeMyMoB Pepma 13-
JIOKUJI B MHACbMe K 10 PobepBaaio — M3BECTHOMY MaTEeMAaTHUKY TO-
ro BpemeHu. B muckme, nmocaanHoM B 1638 roay, @epma MIIIOCTPUPO-
BaJI CBO¥ METOJI peIlleHneM 3a/lauil, KOTOPYIO MBI TOJIBKO UTO Pasodpau.
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JTa 3amaya — reoMeTpuuecKas, HO 3a0JHO MbI PEIINJINA W BAaYKHBIN
anrebpanmyecKuii BOIIPOC: MBI TOKA3aJIV, YTO IPOU3BEZEHNEe XY NBYX UU-
cex x u y He mpesocxonut (x +y)2/4. Tem ca-
MbBIM, MbLI YCTAHOBWJIM 3HAMEHHTOE HepPaBeH-
CTBO MEKAY CPEITHUM reOMeTPUUECKUM U CPe/I-

HUM apu(MeTUudeCKuM:

Vxy %

azauym HA MAKCUMYM 1 MUHUMYM BO3HU-
KJu B ryIy0OKo# apeBHocTu. OpHa n3 HUX ObI-
Jaa periena EBkaugom B ero «Hauanax» (I11 B.
o H. 9.). Eé dhopmMyaupoBKa TaKoBa: BIHCATH
Puc. 19 B TPEYTOJbHUK mapaJjiesiorpaMM
(puc. 19) manbosbiei NIOMIAAN.
25. PopmanuadyiTe u pemuTte 3agauy EBkauga.
2 . @opmasmayiiTe TaKyIO 3aiaUy: pasfesinTh UNCJIO0 8 HA IBe TaKue
YyacTu, 4TOOBI MIPOM3BEeNeHNe X IPOU3BEeAeHUS HA MX PAasHOCTh OBLIO
MaKCUMAaJbHBIM*).
Pernm ciiegyoIyio 3afiauy: BOUCATh B 3aJaHHbBII KPYT TPAMOYTOJb-
HUK HAWOOJIbIIEH IJIOIaLN.

Pemenne. Ilpexnae Bcero (popmanudyem sagauy. Ilycts Kpyr ume-
eT paguyc , a AJWHA OJHOM M3 CTOPOH IIPAMOYTOJbHUKA paBHA 2x. Tor-
na u3 teopembl [Iudaropa cienyer, UTO AJMHA BTOPOM CTOPOHBI PaBHA

2V 2 —x2. B urore moiy4aeM TaKkyio 3afauy:

(x)=4xV 2—x2 ma, 0 x .

dyHKIUSa HempepbiBHA Ha oTpe3ke 0, . Haiiném eé crammoHapHBIe
TouKu. Mimeem:
2 2x2

2_ 2

0= (x)=4

’

OTKyga x2 = 2 . C.JIeI[OBaTe.TII)HO, nmeeTcCda eJUHCTBEHHAad CTallMOHaApHad

Do =

*) 9Ty 3ajady IOCTaBUJ 3aMedyaTesbHBINH 4esloBeK, kuBmuit B X I Beke — Hukkoso
Tapranss (1500—1557). On Hayuynscsa pemiaTh ypaBHEHMS TPETbeil CTemeHu u Giarogaps
9TOMY CIPAaBJATHCA € 3aZadaMy, MOAOOHBIMU TOI, UTO IpWBEJEeHA B 9TOM yIIPa’KHEHUU.

Kcratu, u3 ¢GopMyJabl AJNA pelleHus ypaBHEHUS TPETheH CTEeIeHM BBITEKAeT, YTO
oTBETOM B 3azaue 4 saBisiercsi eguHuna. [leficTBUTEIbHO, HALO PAcCMOTPETh ypPaBHEHHE
+3 4=0, npuMeHUTH K HeMY (HOPMYJIY AJIA KOPHEI ypaBHEHUA TPeThell cTeneHy (0OHA
IpuBeAET K 4uciy u3 3anaun 4), a 3aTeM yO0eguThC, YTO AUHIIA — eJUHCTBeHHBIN KOPEHb
BBIIMCAHHOIO ypaBHeHusA. Ilo-ApDyromMy 9TO MOKHO JOKa3aTh TaK: 0003HAUNM ’ 2+V5
uepes , i) V5uepes um + wuepes .Torga, yauTsBas, 9TO

=(+)= + +8 (+)=4 3
(rak kak = 1), cpady npuxonum K ypaBHerHuio +3 4=0.
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2
TOUKA X = % A Bcero kpurunueckux Touek tpu: 0, x,, .Makcumaib-

HOTO 3HAUEHUd (PYHKIUA JOCTUTAET B TOUKE Xg, T. €. JJIMHA CTOPOHBI

paBHa V2. I[1uHA BTOPOil CTOPOHBI paBHA 24/ 2 — x5 = V2.

OTBeT: NPAMOYTOJbHUK HANOOJIBIIIEH ILJIOIAAN, BIIMCAHHBINA B KPYT
ABJISIETCST KBAAPATOM.

CohopmymupoBaHHaA 3aava — OJHA U3 33724 HA 9KCTPEMYM, PEIéH-
HbIX KemnepoM B ero auameHuTon kuure «CrepeoMeTprsa BUHHBIX 00UeK »
(1613).

Cruenpyroiias 3ajjaua cBs3aHA ¢ 3aMeUYaTeJIbHBIM OTKPBITHEM, IIPUHA-
JexaniuM onaThb-Taku @epma. B 20-e roasr X VII Beka roianackuii yué-
"Bl Buiebpop CHeInyc 9KCIePUMEHTAIBFHO OTKPHLJI 3aKOH IIPEJIOM-
JIEHUSA CBeTa Ha I'PAaHMUIle ABYX cpen (CKaskeM, BO3OyXa M BOABI). AKOH
Cuennmyca cocrour B cienyiomeM. Ilycts sBa 1yua 0 ;um 4,0 5 (uny-
e «CBePXy BHU3») npesioMmiaiorca B Touke O (puc. 20). Yraer ;0 | =
=a; 1 30 5=a0a,, obpaszoBanasie ;0 m ,0 c Bepruransio O , HA3HI-

BAIOTCA yeaamu nadenus, yrael 0 =py m
10 =pB,,00pasoBansbie ,0m ;0 cBepru- 4
kanbpio O , HA3LIBAIOT Y2AAMU NPELOMICHUS. 1

CHennyc yCTaHOBUJII, UTO

oy _ Og
By By

(T. €. YTO OTHOIIIEHNE CHHYCA yIJia MaJeHNUs K
CHHYCY yrJia IPEJIOMJIEHHS €CTh BeJINUNHA I10-
CTOSIHHAs, He 3aBUCAIIAA OT yIJja MaJeHusd).
O0bsicHeHUe 3aKOHA TPeJOMJICHUA OaJj
®epma. [Ipu aTOM OH BHIABUHYJ (BIIEPBHIE B
WCTOPUU HAYKU) KCMPEMALbHbLIL NPUHUUN
oans saenenuil npupodvr. Ilpumanun Pepma
TJIACHT: B HEOJHOPOJHOM cpejie CBeT n3dupaeT TaKyio TPAeKTOPHUIO, BIOIb
KOTOPOIi BpeMs, 3aTpauyrnBaeMoe MM Ha IIPEOI0JIeHNe IIYTH OT OAHO TOUKM
[0 npyroit, MuHUMaJbHO. Ecaiu Touka wumeer KoopauHaTsel (0, ), Touka
— KoopauHathl ( ,— ), TpaHUIlA cpel mpoxoauT mo ocu Ox, a Touka O
MpeJOMJIEHUA Jyda mMeeT KoopauHaThl (x,0), TO BpemMs MPOXO0KICHMU
JIyya U3 TOYKM B TOUYKY PABHO

_+_=\/x2+ 2 +‘/( —x)?+ 2,
1 2 1 2
Troe ;4 , — CKODOCTH CBeTa B BO3JyXe U B BOJle COOTBETCTBEHHO.
B cuay skcrpemanbHOTO mpuHIUNa depma 9Ta BeJIHMUMWHA JOJIKHA
OBITH MUHHMAJIbHOM. MBI MPUXOANM K CIeAYIOIIeN 3aJaue: HAN T MUHA-
MyM QYHKI AN

'sz_’_ 2+'\/( 7x)2+ 2,
2

(x)= x R.
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Pemeunne. Kasanoce Ob1, MBI He MOXKEM BOCIIOJIB30BATHCS OIIMCAH-
HBIM PEIeIITOM JJIA IIOMCKA SKCTPEMYMOB, IIOCKOJbKY (DYHKI[MS OIpe-
neJsieHa Ha Bcen npsamoi R, a He Ha oTrpeske. Ho Bens PyHKIMA pacTeT
Ha 0ECKOHEYHOCTH, T. €.

il_n (x)= iIP (x)=+ .

HAUNT, MOXKHO HAWTH TAKOE UNCJIO0 0, uTo BHEe OTpe3ka — , (PYHK-
ous TPUHUMAET 3HAUEHUs, 00JIbIIINe, YyeM e 3HaUeHue, CKakeM, B HYJIE.
CinemoBaTelbHO, MUHMUMYM He CJIeAyeT HUCKATh BHe oTpeska — , . M5l

CBeJIM 3a/1auy K KOHEYHOMY OTPE3Ky — K TOMY CJIy4aio, KOTOPBLIN ymMeeM
pemniath. Haliném craimnoHapHbie TOUKA:

. _ x _ —x
0= =~ e (6)

BceoencrBue monoToHHOCTH (DYHKITUHA
X g - x*
V24P s 2H( —x)?

IIosydaeM, 4TO UMeeTCsda eJNHCTBeHHAasd CTaliOHapHad TO4YKa X, YAOBJe-

TBOpApIada ypaBHeHuo @epma (6). Kpurnueckux ke Touek Tpu: — , X
n . HO KaK Mbl YCTaAHOBUJIM, TOUKHU — n HE MOTryT 6I)ITI) TOUKaMu
MHUHAMYyMa.

OTBeT: MHUHHMYM AOCTUTAETCA B TOUKE X.
IIpu sTOM PaBEHCTBO

x _ —x

2yx? , 2+( —x )

03HAYAeT, UTO OTHOIIIEHNE CUHYCOB YIJIOB IIPEJIOMJIEHUS PABHO OTHOIIIE-
HUIO CKOPOCTEHN pACIpOCTPAaHEHMWSA CBETAa B BEpXHell M HUXKHeN cpejax:

9 _ 1

By 2

ITo xony mesa, pelIuB HAITY 3a7jaUy, MbI YCTaHOBUJIM 3akoH CHesinyca,
MCXO s U3 dKCTpeMabHOTO npuHIuna @epma.

U U BA MU U U UM 4]
MA MA MW C A AlM AB C CB A MM

Obparumcs cHOBa K anurpady B Hauajie Opoinopsl, rae HeioToH op-
MYJIUPYeT ABe OCHOBHBIE 3aqauu. [IepBy0 U3 HUX — HaXO0MKAeHNe CKOPO-
CTH IO yTU — MBI 0OCYsKJaan, OHA CBOAUTCSA K quddepeHInPOBaAHUIO.
Bropas 3ajaua — HAXOK/JEHUE MYTHU IT0 CKOPOCTU — PEIaeTCsa WHTErPu-
poaumeMm. Eciu pyHKIUA (Xx) BhIpaskaeT CKOPOCTb, TO IIyTh BhIpasKa-
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ercd Takoil pynkmuein (x), uro (x)= (x). Otra QyHKIMsI HA3BIBAETCA
nepsoobpa Hoil, NN Heonpedes HHbLM unmezpanom or . IlepBoobpas-
HBIE ONPEeEeJIEHbI C TOUHOCTBIO 0 KOHCTAHTBI: €CJIN (DYHKIINA  ABJIAETCS
mepBoOOpasHoil AIA , TO PYHKIUA + , TOe — IIPOM3BOJbHOE UKCJIO,
TaKJKe ABJISIETCS MePBOOOPA3HON AT .

2 . JTokaxkure oOpaTHOE: €CJI IPOU3BOAHBIE ABYX (DYHKI[UI PABHBI,

TO caMu TH QYHKIMY OTJINYAIOTCS HA KOHCTAHTY.

Ykaszaunue. BocmonbayiiTech Teopemoit Jlarpamska.

TeomerpuuecKkuii CMBICJI TEePBOOOPA3HBIX 3aKJIOUAETCA B CJIEHy-
oieM. Beluncaum miaomanek moxa rpadurom pyHkmum (x) oTr 10
(puc. 21); opu 9TOM ILJIOIAMU YYACTKOB, JIelKAIUX HUMKe ocu Ox yuu-
THIBAIOTCSA CO 3HAKOM «MUHYC». [loJIlyueHHAsA BeJIMUMHA HA3LIBACTCSA ON-
peden HHbIM uHmezpaaom GyHKIUU (X)
B IIpefiesiax OT A0 ¥ 0003HAYAeTCs

(x) «x.

OkassiBaeTcsi, 5Ta ILIOIAAbL PaBHA
pasHOCTH 3HAYEHUWH TepBOOOPA3HOI B TOU-
Kax ®W . JTO BBIpa’kaeT 3HaAMeHHTAad

opmMyaa b moHa— elbHUua:

ol

() x= ()— ().

Puc. 21

Korga mbl minmeM Takyio GyHKIIAIO , 4TO , MBI peraeM IIpo-
creiitiiee 0u  epeHuuUaabHOe ypasHeHue. Pertasg o0bIuHOE anrebpamnue-
CKOe ypaBHEHMe, MBI MINeM 3HAUYEHUS X, 00paIljaioniue HeKOTOPOe COOT-
HOIIIEHNE B TOXKAECTBO. [Ipu perrennu (Uau, KAK TOBOPAT €II[E, uHMezpu-
posaruu) suddhepeHInaIbHOT0 YpaBHEeHUA TpedyeTca HaiTh He YuCJo, a
(YHKI[MIO, YAOBIETBOPAIOIIYIO OIIPEAeIEHHOMY COOTHOIICHHNIO, IIPUUYEM
B 3TO COOTHOIIIEHNE BXOAUT KAaK camMa (PpyHKIUs, TAK U €€ IMPOM3BOSHEIE
Pa3INYHBIX TOPALKOB.

HuddepeHnnaibHbIMU YPABHEHUIMHU OIIMCHIBAIOTCSA MHOI'HE IIPOIeC-
CBI OKPYSKAIOIIEero HAC MU PA B CAMBIX PA3HBIX 00JIACTAX — (PU3UKE, OMOJIO-
TMH, COIMOJIOTUY, 9KOHOMHUKE ¥ T. . PacCcMOTpUM HECKOJBKO IPUMEPOB
TaKUX IIPOILECCOB.

IIpocreiiiiinm mpuMepPOM SIBJSAETCS CBOOOLHOER IIaieHNe TeJia MO Aei-
CTBHEM 3€MHOTIO IIPUTAMKEHUA IIPU OTCYTCTBHUU COIIPDOTUBJIEHUA BO3OY-
xa. MOKHO CUMTATH, UTO IOJIE TSAXKECTH eMJIN BOJM3U €€ IOBEePXHOCTH
OJHOPOLHO, T. €. B JI0O0OH TOUKE Ha TeJI0 AeHCTBYeT OAMHAKOBAS CHJA

= , HampasJieHHasd BHU3. Eciim 0603HaunTh 3a X( ) BBICOTY, HA KOTO-
PO HAaXOUTCS TeJIO, KaK (QYHKIIMIO BpeMeHHU, TO er0 YCKOPeHVe B MOMEHT
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BpeMeHHu OyJeT paBHO IPOM3BOAHOI CKOPOCTH, T. €. BTOPOIi IPOM3BOAHO
BBICOTBI — X( ) ¥).

ammcaB BTOPO# 3aKOH HeloTOHA: X = , MBI HPUXOAUM K ypaBHE-
Huo x()=-— ,wmum x( )=— . lna oupegerenus x( ) 9To ypaBHeHUE
HYKHO IIPOMHTErPUPOBATh. [IeCh 9TO CBOAUTCS K HAXOMKIEHWIO II€PBO-
obpasHoii oT mepBooOpasHoii. Ero peienuem saBiaserca QyHKIAS

2

x( ) =Xy + 0o - T ’

Tie X, 4 ( — NIPOM3BOJIbHBIE KOHCTAHTHI. JTUMU KOHCTAHTAMU OIIKCHI-

BAIOTCS HAYAJIbHBIE YCIOBUS ABUIKEHUS TEJIA: X, — 9TO €ro BHICOTA B HA-

JajbHBIA MOMEHT BDEMEHU, a ( — HadYaJIbHAs CKOPOCThb. MBI mMOTydnIn

axKoH c80600H020 nadeHus.

Teneps AaBaiiTe PElINM 9TO JKe YpaBHeHUe X( ) = — APYTUM CIIOCO-

6om. [Jomuo:KMM 00e ero uacTu Ha X( ):

() x()=— x()- (7)
(C0)
5

aMeTuM, UTO B JeBoM uacTu (7) cTOUT mMpousdBoAHAA (DYHKIIUU

He#icTBUTEIBHO,

(@)%@c( ) 2()+x( ) x( ) =x() x( ).

B mpaBoit uvactu (7) sammcaHa mpomsBogHaA (GyHKnum — x( ). A ecim
MIPOM3BOHBIE ABYX (DYHKI[UI COBIIALAIOT, TO CAMYU (DYHKIIMYU OTIANIAIOTCS
Ha KOHCTAHTY. HAUWUT,

2
(x(z)) - _ x( )+ .-

Ho x( ) — aT0 cKopocTh Tesa. [JoMHOKUB 00€e 4YacTy ypaBHEHUS HA MaCCy
Tejxa , IOJy4aeM aKOH COXPAHEHUS Hepzuu:

5 + x= .

PaccmoTpum gpyroit mpuMep W3 MEXaHUKHU: OMUIINEM [IBUMKEHUE
TPy3WMKa MacChl , TPUKPEIMJIEHHOTO K TPY/KUHKE W COBEPIIAOIIero
Kosnebauusi (puc. 22). Insa npy’KUHKYU CIIPABEIJIMB AKOH YKa: CHJjA,
BO3BpAIIAIONIAA €€ K IMOJIOKeHUIO PAaBHOBECWS, IPOMOPIMOHAJBLHA OT-
KJIOHEHUIO MPYKUHBI OT 3TOro mojioyKeHusi, O6o3naumm KodhGuiueHT
TIPOMOPIIUOHAIBHOCTH Uepe3 k (ero eIié Has3bIBAIOT cmkocms  Tpy-
JKWHBI), a OTKJIOHEHNEe MPY/KUHBI OT MOJIOJKEHNA PABHOBECUSA B MOMEHT

*) IIpousBogHasi IO BpeMeHHU B (husmke uyacto obos3Hauaercss (Kak sto gesan HpioToH)
He MITPUXOM, a TOUKOM.
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Bpemenu — ueped x( ). [Ipuxogum K quddepeHnajibHOMy YPABHEHHUIO
x()+Ekx()=0.
Ero pelrieHuAMY ABIAIOTCA BCEBO3MOKHBIE (DYHKI[MU BHIA

()= 1 (0 +y),
rme w=vVk/ ,a W™Yy— 3TO KOHCTAHTHI, 3a7]a0I[11e HAUYAJIbHBIE YCIOBUSI
OBMKEHUS Tpy3uKa. VI3 9Toro peleHns BUIHO, UTO I'PY3UK OyIeT coBep-
maTh Konebauus ¢ amnaumydoii. u nepuodom 2my /k. UatepecHo, 4TO
9TOT IIEPHUOJ 3aBUCHUT TOJBKO OT MACChI I'PY3UKA U JKECTKOCTH IPYKUHBI 1
He 3aBUCHUT OT HAUYAJbHBIX YCJIOBUI: IEePUOAbI KoeOaHUI ¢ pa3JINIHBIMU
aAMILIUTYJaMU OJUHAKOBEI.

00000000000000000000000000000000000000000000000000000000000
/ L

/ 7%

77740 w24

00000000000000000000000000000000000000000000000000000000000

Puc. 22

A BOT e1lé HECKOJILKO TPUMEPOB M3 PA3HBIX oOJacTeit 3HAHUA.

Upnesi coyuonozuyeckoil modeau Tomaca Manvmyca cocTouT B TOM,
YTO IPHUPOCT HACEJICHN A IPOIOPIMOHAICH YUNCICHHOCTH HACEJICHN S B JAH-
HBIM MOMeHT BpeMeHHu. O003HAUMM UHNCIEHHOCTh HAaCEJeHHA B MOMEHT
Bpemenu ueped (). @yuknusa () yzosiersBopseT gudHepeHInaaIbLHO-
My YPaBHEHUIO

)=k (), k 0.

Pemrennem sTOro ypaBHEHMs SABJISIETCS OSKCIOHEHIMAJIbHAA (PYHKIIMA
()= (o)e , rme () — YHUCIEHHOCTL HACEJEHWs B HAYAJIbHBIHN
MOMEHT BPEMEHHU 0

Mopgenr ManbTyca HEIJIOXO COOTBETCTBOBAJA AEHCTBUTEILHOCTH,
HAIIpUMep, AJA ONMCAHMWS M3MEHEHMs JYHCIeHHOoCTH HacemeHumsa C A
B mepuoz ¢ 1790 go 1860 roma. Heire aTa Mmomesb B OOJIBITUHCTBE CTPAH
He paboraet, 60ojiee TOro, ceiiuac HeT AOCTATOYHO YAOBJIETBOPUTEJIbHOM
MOJIeJIF PAa3BUTHS YeJ0BEUECTBA, KOTOPAs AAJia ObI IIPOrHO3 YMCIEHHOCTH
HaceJIeHU s TJIaHeThl HA OJMKanIe moJIBeKa.

Buonozuueckas modenv 60 yuu NONYAAYULL — 3TO Ta Ke MaTe-
MaTHUYeCKas MOJeJNb: ecau yepe3 ( ) 0003HAUUTH YMCJIEHHOCTD IIOIYJIA-
muu (CKaykeM, 0aKTepuiil) B MOMEHT BpeMeHH , TO, IoJiaras, UYTO IIPUPOCT
NIPOIOPIIMOHAJICH KOJINUYECTBY OAKTEPHUil B JAHHBIIA MOMEHT BPEeMEHH, MbI
BHOBB IIPUXOAUM K YPaBHEHUIO

()=p ()
¥ OTIATH MOJIyUaeM 9KCIIOHeHITuaNIbHbIH pocT (puc. 23).
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E1ié omHuM mpuMepoM ABJIEHUA, KOTOPOE OMMUCHIBAETCA C IIOMOIIBIO
9KCIIOHEHITNAILHON (GYHKIIMU, MOXKET CIYIKUTb paduoaKmueéHbulil pac-
nad. Ilpumem rumoresy, 4To KA 1as1 4aCTUILA PAANOAKTUBHOTO BEIleCTBa

00000000000000000000000000000000000000000000000000000000000

00000000000000000000000000000000000000000000000000000000000

Puc. 23

UMeeT OIpeNeIEHHYI0 BEPOSITHOCTh PACIafia, He 3aBUCHIINYIO OT APYIUX
gacTuil. Torga CKOpoCcTh paciaa BeIecTsa B HEKOTOPLIA MOMEHT BpeMe-
HY MPOMOPI[MOHATLHA UMEIeMycs KoJndecTBy BerjecTBa. QO6o3Hauas
KOJIMYeCTBO BeIllecTBa B MOMeHT uepe3 ( ), CHOBa mosryuaem nquddepen-
IMAIbLHOE YPaBHEHUE

()=-y (), y O.

Borunciaum BpeMs, 3a KOTOPOe pPaciIaféTcsa IOJ0BUHA BelecTBa (0HO
Ha3bIBAaeTCSI nepuodom noaypacnada). Pelenvem ypaBHeHHUs pacrnazga
asngerca QyHKnua ()= (o)eY, OTKyma mepuoz IoJypacuaja

_ 1
omnpejeseTcsa W3 COOTHOIeHusA e Y = -, uau e = 2. CiemoBaTesbHO,

-_2
v
2 . CHeXXHBIN KOM, mMelomnuii (GopMy I1apa, TaeT Mo CAeAYIoIeMy
3aKOHY: CKOPOCTH YOBIBaHUA 00bEMa MPOMOPIMOHANbHA TIJIOIAIN 0~
BepxHOCTHU mapa. dac Hasaj ero o0wéMm paBHAJCA 4 M , a ceiiuac OH
pasen 2 m . Korga cHe;XHBIII KOM PACTAET IMOJHOCTHIO?
OgHUM 13 BeJIWYANINUX OTKPBITHUI, MPOU3BEAEHHBIX MPU IIOMOIIHN
guddepeHINaIbHBIX yPaBHEHNH, OBbLI TEOPETUYECKUI BBIBOJ, AKOHO8
enJiepa — OCHOBHBIX 3aKOHOB HeOecHOM Mexauuku. [IepBriit 3akon Kem-
Jiepa 3aKJII0YaeTCsd B TOM, UTO ILJIAHETHI JBUIKYTCA 110 9JIIIUIICAM, B OJHOM
u3 porycoB KoTophix HaxoauTcsa Comuie (puc. 24). Kenep mpumiéi k Ta-
kKomy BeIBoAY B Hauase X VII Beka Ha ocuoBanumu Habaogenunit Tuxo Bpa-
re. A uepes3 HECKOJbKO AecaTuyieTniit HbI0TOH 1aj a3TOMy TeopeTudecKoe
000CHOBaHME, UCXOAI U3 AKOHA BCEMUPHOZ0 MAZOMEHUS, COTJIAaCHO KO-
TOPOMY JIBA T€JIa C MacCaMu ¥  IIPUTATUBAIOTCS APYT K APYTY C CUJIOH,
MIPOTIOPIIMOHAJIBHOMN MPON3BEEHUIO NX MACC U OOPATHO MPOMOPIMOHAIb-
HOU KBaJpaTy PACCTOAHUS MEKIY HUMU:

2

rge  — TpPaBUTAMOHHASA IOCTOSAHHAS. JTO NMPUBOLUT K CJIELYIOIIEH
38

cucreme nuddepeHnaIbHbIX YPaBHeHTI:

_ x
xXr=- 2+ 2) 2

y (x2+ 2) 2
(Bmech x M y — KOODPAWHATHI IJIAHETHI B CHCTEME KOODAWHAT, HAYAJIOM
KoTopoii cay:kut CoiHIre).

Ity ypaBHeHUA ObLIV IponHTErprpoBanbl HbI0TOHOM, ¥ B UTOTE OKAa-
3aJI0Ch, UTO KaiKJAad IJIaHeTa NeMCTBUTEJbHO JBUMKETCS 10 JJIIUICY, 1a-
paMeTpsl KOTOPOTO OIpefendaroTca mMaccamu mnaaHersl m ConHIfa, rpa-
BUTAIMOHHON NMOCTOAHHONW M HAYAJBHBIMU YCJIOBUAMMN — IOJOYKEHUEM
¥ CKOPOCTBIO IIJIAHETHI B HEKOTOPBIN IIPOU3BOJIbLHBIA MOMEHT BPEeMEHU.

JleCb MBI YYWTBIBA€M TOJBKO B3amMHOe nputakenue CosHIa u
IJIAHET U «3a0bIBaeM» O CHUJIAX, BOSHUKAWOIIUX B PE3yJbTaTe B3aMMHO-
TO NPUTSYKEHUs IJIaHET MeXXay coboit

u T. n.¥). OTU CHJIBI AEUCTBUTEIBHO PR -
OpaKTUYEeCKN He OKa3bIBaIOT HUKAKOI'O O T T TS0
BO3IefiCTBUSA HA IBUKEHUE IIJIAHET, TaK SV g, N0
YTO MMM MOXKHO IIpeHeOpeub. A Kak // /O / %Ohg \\ \ \\
o0cToUT [Meyi0 B ciaydae, KOTZa 3TOTO /oy // P | \1 |
coenaTh Heabssa? Hampumep, Kak omm- // oy I
CaTh JBUKEHWE CUCTEMBI M3 TPEX Tem — | | | A
craxem, Conrna, emuu u JIyHbI? | '\ \ )/ )/ //

J1s1 cucTeMsl U3 12 TeJI TOXKe MOYKHO | NN 27y
BBININCATH CUCTEMY AU PepeHITnATbHBIX \\ A N Toer 7 , /

o -

YPaBHEHUU, OIIMUCHBIBAIOIIINX WX OBUMKE- \ > - Ve
Hre. OIHAKO PEUIUTh 3Ty CHUCTEMY IPU AN e
n >3 B ABHOM BHue, T. €. HAUTHU PYHK- S -7
U, 3a7ai0lue IOJOKEeHUEe JTUX TeJ Puc. 24

B 3aBHCHMOCTH OT BPEMEHH, HOJIr0e Bpe-
MA HUKOMY He yaaBajoch. B koHie XIX Bexka Aupu [Tyankape mqokasau,
YTO 9TOTO CAEJIATh HEJIb3A — KaK I'OBODPSAT, 9Ta CUCTeMAa He HHTETPUPYETCs
B KBagpaTypax. OmHaAKO ecyiu 3a7]aTh HAYAJIbHBIE TTOJOKEeHUA U CKOPOCTH
TeJ, UX IOJIOYKEHUSA B IIOCJHEAYIOI[1e MOMEHTHI MOYKHO PACCUMTATH IIPU
TIOMOIITY CIEIUAJIbHBIX UUCJIEHHBIX METOJO0B, TPEeOYIONMNX TMPUMEHEeHUS
KOMIIBIOTEDOB.

ITO Ke OTHOCUTCA He TOJbKO K AuddepeHInaIbHbIM YPaBHEHUAM,
HO U K APyruM, caMbIiM pPasHooOpasHbiM 3agauam. Hanpumep, Bce 3aja-
Yy NpPUBEAEHHLBIE B 9TOI OpPOIIOpe, U BOOOIIe MIPAKTUUYECKHN BCE 3aJauu

*) O gpyrux daxKTopax, BIXAIINX HA JBUKEHNE TeJ BO BCeleHHOM, YnTaresb MOXKET
y3HAaTh, HAlIPUMeD, N3 OPOIITIOPHI
B.I.Cypauu. Nuaamuka spésaabix cucrem. — (Cepusi «Bubanoreka ,,MaTemaru-
yecKoe ImpocBererues . Berm. 12). — M.: MITHMO, 2001.
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3 3aJJaYHUKOB [0 MATEeMaTUUYECKOMY aHAJIM3y 00/IafaTe b KOMIbIOTEDPA
CIIOCO0EH PeIuTh B TeUeHWEe BPEeMEeHU, KOTopoe TpedyeTcsa Ha HaxKaTue

HECKOJIbKUX KJjasuill. Hampumep, 4TOOBI BHIUUCIUTH YHUCJIIO 22 ¢ 1ou-
HOCTBIO 0 17-TO 3HaAKa IoOCje 3alATOH, HY)KHO HaOpaTh B IporpamMme
«Marematuka»

2

HasKaTh Ha KaaBuiu «S i t» u «E t r», n uepe3 MruHoBeHUEe MOJIyUYUTCS
OTBeT:

Marematuku paboraior ¢ guddepeHINaIbHBIMU YPDABHEHUAMU yiKe
6osee Tpéxcor jer. KoMupioTepHble METOABI IPUMEHSIOTCA TOJBKO IIO-
cJIegHUe MOJIBeKa, HO IIPU 9TOM OHHU O3BOJIAIOT 9 (peKTUBHO pelIaTh 3HA-
uuTeJHLHO OoJiee caoKHBIe Aud)depeHInaIbHble YPABHEHUS (M CUCTEeMBbI
InddepeHIVANTLHBIX YPAaBHEHNMIT), ¢ KOTOPBIMYU YUEHBIE CTAJKUBAIOTCA
IpU ONMCAHUU PA3JIUYHBIX IIPOIECCOB B €CTECTBOBHAHUU, TeXHUKE, KO-
HOMUKE U IPYTUX 00JIaCTAX.
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