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Abstract—Suppose that w(ep, -) is the dyadic modulus of continuity of a compactly supported
function p in L?(R) satisfying a scaling equation with 2™ coefficients. Denote by a, the supremum
for values of a > 0 such that the inequality w(p,277) < €272 holds for all j € N. For the cases
n = 3 and n = 4, we study the scaling functions ¢ generating multiresolution analyses in L?(R..)
and the exact values of oy, are calculated for these functions. It is noted that the smoothness of the
dyadic orthogonal wavelet in L%(R..) corresponding to the scaling function ¢ coincides with av,.
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1. INTRODUCTION

[t is well known that the Daubechies scaling function of order N is a solution of the functional
equation

2N—-1

p(x) =V2 Y hpe(2x—k), z€ER, (1)
k=0
and possesses the following properties:
1) suppe = [0,2N — 1];
2) the system {¢(- — k) : k € Z} is orthonormal in L?(R);
3) ¢ generates a multiresolution analysis in L?(R).

For N =1, the Daubechies construction yields the Haar function: ¢ = x[g 1) (in this case, hg = h; =

1/v/2). For2 < N < 10, the coefficients of Eq. (1) are given in Daubechies’ book (see[1, Sec. 6.4]). For
N = 2, the solution of Eq. (1) is continuous on R and satisfies the Lipschitz condition

p(t) — ()| <Clt—2|%  tzeR,

with exponent o &~ 0.5500. The exact value of the exponent « (and the corresponding quantities for
N =3 and N = 4) were obtained earlier by the matrix method (see [1, Sec. 7.2], [2, Sec. 7.3]). For
Daubechies scaling functions of order N > 5, the exact values of the exponents of smoothness are not
known to the authors.

The formula expressing the smoothness of the scaling function ¢ in terms of the joint spectral radius
of some matrices generated by the coefficients of Eq. (1), was first given in the papers by Daubechies and
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408 RODIONOV, FARKOV

Lagarias [3] (see also [4]); below we shall use the “dyadic” analog of this formula. Let us recall that the
joint spectral radius of two complex matrices Ag and A; of dimensions N x N is defined by the formula

p(Aog, Ar) := lim max{||Aq, Ag, - - Ag |V*dy € {0,1), 1 <5 <k},

where || - || is an arbitrary norm on CV* . Obviously, if Ay = Ay, then the quantity p(Ag, A;) coincides
with the spectral radius p(Ao).

Suppose that Ry = [0,+00) is the positive hali-line, Z, = ZNR,; and N is the set of natural
numbers. For each z € R and any j € N, we define z_;, z; € {0,1} from the binary expansion

[e.e] o0
T = Z:E_]Qj_l + Zaij_j
j=1 Jj=1

(in the case of a binary rational number z, we chose an expansion with a finite number of nonzero terms).
The binary addition on R is defined by the formula

[o¢] (o]
m@y:Z|x_j—y_j|2j_1+Z\mj—yj\Z_J, xz,y € Ry;
=1 =1

it plays a key role in the theory of Walsh series and transforms (see [5]—[7]). Thus, for example, if the
sum x @ y is binary irrational, then the classical Walsh functions {wy} satisiy the following relation:
wi(z ® y) = wi(z)wg(y).
The recent paper [8] furnishes necessary and sufficient conditions under which the dyadic scaling
equation

2" —1

p(@) = apReek), weRy, (2)
k=0

has a solution ¢ € L?(R ) with the following properties:

1) supp e = [0,2"7'];
2) the system {p(- ® k) : k € Z} is orthonormal in L*(R,);
3) ¢ generates a multiresolution analysis in L?(R ).

In particular, ifn = 1and ¢y = ¢; = 1, then the solution of Eq. (2)is the Haar function (see also examples
in [9], [10]). In the present paper, we calculate the exact values of the exponents of smoothness for the
solutions of Eq. (2) in the cases n = 3 and n = 4. In the proois of lower bounds, we essentially use
expansions of dyadic scaling functions in Walsh series (this is the main distinction of our method from
the previously used methods for estimating the smoothness of wavelets). Note that an algorithm for the
expansion of scaling functions in lacunary Walsh series was obtained by the second author in [11], and
it follows from results given in [8] that this algorithm can be applied to any compactly supported dyadic
scaling function in the space L?(R,). The coefficients of Eq. (2) are assumed real, although all the
values (given below) of the joint spectral radius of the matrices generated by these coefficients remain
valid in the complex case as well.

The Walsh polynomial

on—1
1
m(w) = 5 Z crw(w), w e Ry,
k=0

is called the mask of the scaling equation (2). It is well known that the mask m(w) is constant on binary
intervals of rank n. Moreover, if b = m(w) for

well2™™ (1+1)27™), 0<1<2"—1,
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SMOOTHNESS OF DYADIC ORTHOGONAL WAVELETS OF DAUBECHIES TYPE 409

then
1 2n—1
¢ = 5y > buw(k2),  0<k<2" -1 (3)
=0

The dyadic modulus of continuity of the scaling function ¢ satisiying Eq. (2) is defined by the equality
w(p,0) == sup{lp(z ©y) — p(x)| s 2,y €[0,2"71), 0<y < b}, >0
If ¢ satisfies
w(p,277) < 027, jeN,
for some o > 0, then there exists [6, Sec. 5.1] a constant C'(¢, ) such that
w(p,0) < Clp,a)”. (4)
Denote by a, the supremum for the set of all values of a > 0 for which inequality (4) holds.

The definition of a multiresolution analysis in L?(R,) was given in [8] and is quite similar to the
corresponding definition for the space L?(RR) (see, for example, [1],[2]). The solution ¢ of Eq. (2) is said to
generate a multiresolution analysis in L*>(R, ) if, first, the system {o(- @ k) : k € Z. } is orthonormal
in L2(R ) and, second, the family of closed subspaces

Vi = closiag,) span{p(2/ - ®k): k € Z, }, JjEZ,
is a multiresolution analysis in L?(R,.).
[t was shown in [8] that the equalities
bo =1, 012 + [bppon1]* =1, 0<I<2"! -1,

are necessary for the orthonormality of the system {o(- ® k) : k € Z, } in L*(R,). For n = 2, we can
take

bo=1, by =+/1—1b]2, ba=0, b3=0, where 0 < |b] <1,
and then o, = logy(1/|b|) (see[8, Remark 3], [11, Example 4.3]).
In the general case, we let N = 2"~! and define the N x N matrices Ty, T} by the formulas

(Tv)ij = Ccoti—ny@(j—1)5 (Th)ij = ci—nei-1), 1<4,j <N, (5)
where the ¢, are the coefficients of Eq. (2).

Proposition 1. Suppose that the compactly supported solution ¢ of Eq. (2) generates a mul-
tiresolution analysis in L?>(R.), and suppose that p = p(Lg, L1) is the joint spectral radius of the
linear operators Lo, Ly given on RN by the matrices Ty, Ty and restricted to the subspace

By = {u=(uy,...,un)" :u; + - +uy =0}
Then o, = —logy p.
Note that, for n = 3, the basis of the space F is constituted by the vectors
€1 = (17_1717_1)t7 €2 = (17_17_171)t7 €3 = (1717_17_1)t (6)

and the matrices (5) are of the form

Chp C1 C2 C3 C1 Cy C3 C2
Cy C3 Cy C1 c3 C2 C1 Cp
Ty = , T = (7)
C4 C5 Cg C1 Cs C4 C7 Cp
Cg C7 C4 Cy C7 Cg C5 C4
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410 RODIONOV, FARKOV

Proposition 2. for any d x d matrices Ay, Ay and for any q > 0, the following conditions are
equivalent:

1) there exist constants C > 0, p > 0 such that, for allm € N,
max{||Aq, - -~ Aqg,,|| : dj € {0,1}, 1 < j <m} < CmPq™;

2) p(Ap, A1) <gq.

Moreover, if any one of these properties holds, then p < d—1 can always be taken, but if the
matrices are irreducible (have no nontrivial real eigensubspaces in common), then p = 0.

The proof of Proposition 1 is quite similar to the proofs of the corresponding statements in [2] and [12]
(see also [8, Remark 3]), while Proposition 2 was proved in [12].

For an arbitrary N x N matrix T, we set

[ Tull

el = sup{ Lol o e w20,

where ||u|| is the Euclidean norm of the vector w and Ej is the subspace from Proposition 1. It
follows from Propositions 1 and 2 that if the compactly supported solution ¢ of Eq. (2) generates a
multiresolution analysis in L2(R ) and, for all m € N, the following inequality holds:

max{(|T4, T, - - Ta,, | | - dj € {0,1}, 1 < j < m} < CmPq™,

where 0 < ¢ < 1,p >0, then p(Lg, L1) < q.

In the course of computer experiments whose results are given below, the joint spectral radius of
the matrices was calculated from its definition using the Matlab 7.0 system; in addition, the method
of estimating the quantity p with the help of Kronecker products (see [2, p. 309], [13]) was used. Also
note that the smoothness of the dyadic orthogonal wavelet v in L?(R. ) corresponding to the scaling
function ¢ coincides with a, (for the details, see [8, Sec. 4]).

The main results of the present paper were announced in the abstract of our paper [14] at the Fifth
International Symposium “Fourier Series and Their Applications.”

2. ESTIMATES OF a, FOR n =3

Let us define the coefficients of the scaling equation (2) using formulas (3), where the parameters are
taken as

bp=1, by=a, by=b by=c, by=0, bs=c, bsg=p0, br=r;
here
lal? +|al? = [b* + |8 = [+ |7]* =1

(see [8, Example 4]). In this case, the matrices of the linear operators Ly and Ly given on R* by the
matrices (7) and restricted to the subspace Fy with basis (6) are of the form

003b 0 -8 b
Ap = 0 ~vcl> Ai=10 -y ¢ (8)
a 00 —a 0 0

and, further, p(Lg, L1) = p(Ao, A1). Using computer methods, we obtain the following results.
A. The equality p(Ag, A1) = p(Ag) holds in the cases:

1) 0<b<1l, 0<c<l1l, 0<a<l, 0<By<l,;
2) —1<b<0, -1<c<0, —-1<a<0, 0<By<I;
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SMOOTHNESS OF DYADIC ORTHOGONAL WAVELETS OF DAUBECHIES TYPE 411

3) 0<b<1, -1<c¢<0, 0<a<l -1<py<0;

4) —-1<b<0, 0<ec<l, —-1<a<0, —-1<py<0.
B. The equality p(Ap, A1) = p(A4;) holds in the cases:

1) 0<b<1l, 0<c<l, —-1<a<0, 0<By<l1,;

2) -1<b<0, -1<¢c<0, 0<a<l, 0<py<l;

3) 0<b<1l —-1<c<0, —-1<a<0, —-1<pBy<0;

4) —-1<b<0, 0<ec<l, O0<a<l, -1<py<0.

Under a special choice of the parameters, the spectral radii of the matrices (8) can be calculated in quite
a simple way. Thus, for example, if B¢ = ~b, then

p(Ag) = max{|\| : \2 — Y\ — ab = 0}, p(A1) = max{|A| : A2 + v\ + ab = 0}.
Moreover, the following theorem is valid.

Theorem 1. Suppose that p is the joint spectral radius of the matrices (8). Then

a1 ifb=0,lcf=10<]of <1,
p=qmax{y/[af,[y]} iflbl=10<]a] <1 0<]y <1,
vl ifla] =1,0< || <1

and a, = —logy p.
Proof. By Theorem 3 from [8], the function ¢ generates a multiresolution analysis in L?(R ), and, by
Proposition 1, we have a, = —log, p. Suppose that 3 = ¢ = 1. Then
Toey = —Tieq = aes, Toea = —Tieg = ey, Toez = Tiez = ea.
Denote by mod(m, 3) the remainder in the division of m by 3. By induction, we can verify that

Tye; = alm2)/3] €3—mod (m+2,3) m € N,
where [z] is the integer part of a number . Similarly,

T(1]ﬂ€2 = a[(m+1)/3] €3—mod(m+4,3)> T(1]ﬂ€3 = a[m/3] €3—mod(m+3,3)> m € N.

Hence we find
IT5"e;|| < Clof™3,  j=1,2,3.

Moreover, since Tpe; = £Tiej, it follows that similar estimates hold for the vectors Ty, Ty, - - - Ty, €;.
Therefore, for all m € N,

||Td1Td2 o Tdm|E1 H < C|a|m/37 dy, d2y eyl € {07 1}7

and the estimate p < {¢/|a] holds (see Proposition 2).

Let us prove the reverse inequality. It is well known [8, p. 151] that ¢ can be expanded in the lacunary
Walsh series:

() = X0 (®) (1 + a{wr(y) + wsly) + ws(y) + awialy) + awsr(y)

+ awsy(y) + aleog(y) + Oé2w219(y)
+ Pwiss(y) + Pwsrr(y) + - }),

ww):i<1+1%a>

MATHEMATICALNOTES Vol.86 No.3 2009
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In addition, if s = 3k, then

1 1
¢(5) = JHafB+ B0 oo 3ale7I5 - 02— g4 4

= 3(1 +a(3 —40®?) (1 —a)™h).

Further, if s = 3k 4 1, then

w<%> _ 3(1 Caf3 30t 3al B gl 68 G495 4

= S0+ af(3(1 — a®V/3) — a1 - )l 4l
and if s = 3k 4 2, then

1 1
S0<2_s> = (1 +af3 430+ 30077 —a(TDE o (H0E 4.

1
= 71+ a3 = 4TV (1 —a)™).
Using these expansions, we obtain

2

©(0) — go(%)' < Cla*/?, seN,

and, therefore, p > {/|a|. The cases f=—1,c=1,aswellas =1, c=—1, and f =c= —1, are
treated in a similar way. Therefore, if b =0, |c| = 1,0 < |a| < 1, then p = ¥/|«|.
Now suppose that b = 1. Then

Toel = —T1€1 = aes, T0€2 = —T1€2 = yea, T063 = T163 = e] + ces.
Therefore, for m even,
Tier = a™%(eg + cep) + (V2?71 4 44272 4oL 4 420 cey,
Tea =~Mea, Tites = o™ ez + (ya™? L 4 43am/272 4o 4 4T La) ey,
ITg 1]l < C(laf™2 + |y Plaf™27" + [y ™22 + - + |12 al)
_fomhym, ol < P
~ | Cmla™?, ol > |y
Cmy|™, o] <|yI?,

Tes| < Cly™, Ty es|| <
el <Chi, Il <] GRS

Further, for m odd, we have
Totey = oM™/ 205 4 (4aM=D/2 4 A3M=3)/2 L. 4 ym=20)cey, Ti'ea = y"ea,
Totes = o™ V/2(e + cen) + (Y2am3/2 4 A2 (m=9)/2 L 4m=la)cey
and, as above,
IT5 el < C (1o ™72 + 4] o] D2 4 |y Pl D 4 P al)
2 Jomph™ ol < P
~ | Cmla™2, o = [y,
Cmy|™, o] <|yI?,

Tm62 <C m’ Tm€3 <
el < Ol ITesl <y T, ST
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SMOOTHNESS OF DYADIC ORTHOGONAL WAVELETS OF DAUBECHIES TYPE 413
Similar estimates also hold for the vectors Ty, Ty, . .. Tg,, ;. Therefore, the following inequality is valid:
1T, Ty - - T | |V < CmV™ max{/]al, |y}, m €N,
and, therefore, p < max{+/]a], [v]}.
To prove of the reverse inequality, we use formula (5.7) from [8]:
4p(z) =1+ a(wi(y) + wa(y) + cws(y) + aws(y) + yewr (y) + awio(y) + acwii (y)
+ 7 ewis(y) + aPwar (y) + ayewss (y) + 7 cwsi (y) + Pwaa(y)
+ a’cwaz(y) + oy’ cwar (y) + 7 cwes(y) + P wes (y) + o’ yewsr (y)
+ ay’cwos (y) + 7 cwiar (y) + a’wiro(y) + @’cwin (y)
+ oy ewirs (y) + aytewion (y) + Y Pcwass (y) + atwsa (y) +---),  (9)
where 0 < z < 4 and y = z/4. Substituting the value z = 0 into (9), we obtain

¢(0):i<1+1fa<2+1f7>>.

Further, it follows from formula (9) that if s is even, then

1 1 2a _ _ c(v% —1/2)
—J==(1 1— a2 —c(a®/? +~2a=2/2 L ... s=2y _ A T /4
90<2s> 4< +1—a{ e c(a’* + v +- 4 ayT) T ,

but if s is odd, then
90< 1 > _ 1<1 N 2a {1 — D2 (a2 L2092 4y g3y

25 ) " 4 l-a
_C(Vi:iﬂ)})

< Os(max{v/lal,[7[})*,  seN,

Therefore,

‘w(O) - s0<%>

and hence p > max{+/|a/|, |v|}. Thus, p = max{+/|a|,|y|}. The case b= —1 is treated in a similar
way. Necessary estimates for the case |a| =1, 0 < |y| < 1 are obtained in Example 4.4 from [11]. The
theorem is proved. O

Recall that a function f: Ry — R is said to be binary entire of order n if it is constant on binary
intervals of rank n. Any compactly supported scaling function in L2(R) is either binary entire or of
finite smoothness and can be effectively estimated from above (see [8, Sec. 7]). Combining this with
Theorem 1, we see that, in the case « = v = 0, the solution of Eq. (2) is a binary entire function (see also
Example 3 from [8]).

3. ESTIMATES OF a, FOR n =4

Suppose that the coefficients of the scaling equation (2) are defined using formulas (3) for
bo =1, b = dy, bs =0, biyg =y, 1<1<T, (10)

where |d;|? + |y1|? = 1. Then the compactly supported L2-solution ¢ of Eq. (2) can be expanded in the
lacunary Walsh series

pz) = éX[m) (%) (1 + ) auw <g>>, r € Ry, (11)

1EN(4)

MATHEMATICALNOTES Vol.86 No.3 2009
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(see[8, Sec. 5], [11, Remark 1.2]). In this expansion, N(4) = {1,2,...,7} UNy(4), where Ny(4) is the
set of all natural numbers [ > 7 whose binary expansion

k
1= w2, pye{0,1}, m#0 k=k() €Ly, (12)

has no collection (0,0,0,1) among the ordered collections (f;, ttj+1, ftj+2, ftj+3), while the coeffi-
cients a; are defined as follows. Suppose that

B(iy, i, 13,14) = bs il s =i120 492! + 0922 40323, 4; €{0,1},

where the bs are parameters given by formulas (10). Let us express each integer! € N(4) in the form (12),
and let

ar = B(p0,0,0,0) it k(1) = 0;
= ﬁ(ﬂlyoa070)ﬁ(1u071u1707070) if k(l) = 17
:ﬁ(uk707070)ﬁ(ﬂk—17ﬂk707070)ﬁ(:u(]viulnu%:u?)) if k:k(l) >3

Note that, in the last product, the indices of each multiplier, beginning with the second, are obtained
by “shifting” the indices of the preceding multiplier by one position to the right and by adding, to the
liberated first place, one new digit from the binary expansion (12) of the number [.

In view of our choice of the parameters b, the mask

1 15
=3 > cpwp(w) (13)
k=0

satisfies the conditions
m0) =1, |mw)+|mw+1/2)>=1 forall weR,. (14)

Suppose that the set M is the union of some of the intervals [s/8, (s +1)/8), s = 1,2,...,7, or coincides
with one of them. If the mask (13) vanishes at each point of the set

((3ecarfo st o)

then the set M is said to be blocking. Taking (14)into account and applying Theorem 3 from [8], we see
that the solution ¢ of Eq. (2) generates a multiresolution analysis in L2(R, ) if and only if the mask (13)
has no blocking sets. Let us present a complete list of collections of values of the parameters for which
the mask (13) has blocking sets and, for each of these collections, let us indicate one blocking set:

1) dy =0, M =1[1/8,1);

9) dy = 0, M = [7/8,1):

3) dy=d3=0,M=[1/4,1/2) U[5/8,1);
4) dy = 5 = 0, M = [1/4,3/8) U[5/8,3/4):
5) ds = ds = 0, M = [3/8,1/2) U[5/8,1).

In addition, note that, for n = 4, the vectors

e1=(1,-1,1,-1,1,-1,1, -1)", ep = (1,1,-1,-1,-1,-1,1,1),

e3 = (1,1,1,1,— ,—1,—1,-1)", eq=(1,-1,1,-1,-1,1,—1,1)", (15)
=(1, -1,1,1,—1,-1)%, e = (1,—1,—1,1,1,—1,—1,1),
(1, -1,1,1,-1,1,-1)

MATHEMATICALNOTES Vol.86 No.3 2009



SMOOTHNESS OF DYADIC ORTHOGONAL WAVELETS OF DAUBECHIES TYPE 415

constitute a basis in the space Fj.

In what follows, Ty and 77 are matrices defined by formulas (3) and (5) under condition (10). We
introduce the matrices

0 —d; 0 0 dy o 0 —d; 0 0 dy —u 0
0 0 d3gv 0 00 0 0 d3g—3 0 0 0

vy 0 0 0 0 00 v 0 0 0 0 0 0
Bo=10 d 0 0 ds v 0] By 0 d7 0 0 ds —5 0
0 0

0 0

0

0 0 d2 Y2 0 O 0 0 d2 -2 0 0
0 dg—dy 0 0 0 O 0 dg—d7y 0O 0 0 O
0 2d7 0 0 0 0O 0 2d& 0 0 0 O

and denote by I' the matrix of dimensions 7 x 7 whose first six columns consist of zeros and the last
column coincides with the vector

(Ya = 47, =73, V1,75 + 97, =72, Y6 — V7. 797)"-
Then the linear transforms
y:TOIL’, y:Tlxa ZEEEl,

have the matrices
1 1
A():Bo—l-gr, AIZBI_EF

respectively, in the basis (15). Under the assumptions of Proposition 1, the formula p(A4p, A1) = 27%
is valid. Let us point out three cases in which the quantity «, can be calculated exactly.

Theorem 2. Suppose that the function p is given by the expansion (11). Then

1 1 .
1) ap=gloga if 2#0 and m=75=77=0;
1 .
2) 04¢_§10g2|d72| if dsy2#0 and v =73=77=0;
1 .
3) ap=logy — il 7#0
7]

and one of the following conditions holds:

a) vi=v=7=0, b) M =7=7=0, c) ds =y =3 =0.

Proof. 1°. Suppose that d; = d5 = dy = 1 and 5 # 0. Then the mask (13) has no blocking sets and,
therefore, the function ¢ generates a multiresolution analysis in L2(R). By (11), we have

8¢() = x(0,1) (W) (1 + w1 (y) + dows(y) + dsws(y) + dadsws(y) + daws(y) + dsdsws(y)
+ d3wr(y) + dayowio(y) + doyzwir (y) + dzdeyawi(y)
+ d3vswia(y) + dadayowzo(y) + dayowai (y) + dadeyswaz(y)
+ doyswas(y) + dsyavewas(y) + dovswaz(y) + dayayswas(y)
+ dadgysyawaa(y) + dovsyswas (y) + dadavawsa(y) + -+ ),
where y = /8. Let
G1:= 2+ 2dy + 2d3 + dady + d3dg + 2day2 + 2d2y3 + d3dgys + d3ye + dadyys + dadeyz + d3yave.
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Then

do

8p(0) = G1 + 1 (273 + 27273 + deY3va + V3Y6 + days + dey2y3 + Y374%6)-

-2
In addition, for any odd number s > 5,

1 d2 s—3)/2
8¢<§> =G+ 1——72((7% + 929 + dey3va +1376) (1 — 2957 2%)

+ (73 + davs + devays + Y23 + ¥3747%6))

and, for any even number s > 6,

1 d
8@(;) =G+ _272 (% + 7273 + o374 + 7376

+ (13 + dan + der2ys + 7273 + 137076) (1 — 2087 72)).
Therefore,
1 S
‘90(0) - w<§>' < Clyl*?,
and hence
o < 2 loes L
P2l

To prove the reverse inequality, note that, for the vectors (15) and for all 4, j, k,1 € {0, 1},
Tiey = T;TjTiTies =0,  Tieq = £(y3e2 +2e5),  TiTjes = £Theq.
Therefore,
| T, Ty - - T eil] < Clya|™?  for i=1,2,4,5.
Further, for all 4, 5, k,1 € {0, 1}, the following relations hold:
T;Tjeg = 0, Tie3 = dzes + daes,
T TiTies = +23(dser + ex) + 9a(TiTyToes + 1 Tiea),  TTyTier = %3 TiTjes

Using these equalities for an arbitrary vector w € Ey and any dy,ds, . .. ,d,, € {0,1}, we obtain
1T, Ty - - - Ta,wl| < Clyz[™ [Jw]].
Therefore, for any m € N, the following estimate holds:
Ty T, - Ty 4| < Clya|™?
and, by Proposition 2,

ap > 110g2 L )
2 172
Thus, if d1 = d5 = d7 = 1land Y2 75 0, then
ap = 110g2 1 :
2 172

20 Suppose that d; = d3 = d7 = 1 and d5y2 # 0. Then the mask (13) has no blocking sets and the
function ¢ generates a multiresolution analysis in L2(R, ). Moreover, by (11), we have

8¢ () = xj0.1)(y) (1 + w1 (y) + dawa(y) + w3(y) + dadsws(y) + dadsws(y) + dewe(y)
+ wr(y) + dadsyowio(y) + devawia(y) + devswiz(y) + vewia(y)
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+ dadydsyawso(y) + dad3vawar (y) + dev2yswas(y) + Yayewas ()
+ 576w20(y) + dadirdwaz(y) + dadeyay5ws2 (y)
+ dsdgyayswss (y) + V25 v6wss (y) + dedadivawsa(y) + -+ ),
where y = /8. Let
Gy := 4+ dy + dody + dods + dg + dodsys + dgya + deys
+ Y6 + dadadsyz + dadiya + dev2ys + Yave + V576

Then
Y

8@(0) = G2 + ﬁ

(dod3ys + dayadivys + dadiye + dadeys

+ dsdeys + V576 + dsdey2ys + daysye + dsyse)-

For any odd number s > 5,

1
890<28> =Gy + W(dﬂ%w + 7576 + dsdeV275)

x (1= 2(d5y2) ™72 4 2(ds72) 272
+ (dadeys + dsdeys + daysye + dsys76)
(1 — 2(d5"}/2)(s 1)/2 + d2d4d Yo + d2d5’yg)

For any even s > 6,

1 _
890<§> =Gy + q (d2d5’Y2 + (dadeys + dsdeys) (1 — 2(d5’Y2)(8 2)/2)

+ (dodady + dod3ye 4 dyysye + dsvs76)
x (1 — 2(dsy2)*=9/2)
+ 9576 (1 — 2(d572) ™27 + 2(d572)*/?)
+ dsdeyavs(1 — 2(dsvy2) 5972) 4 2(ds) 5=27?).
Therefore,

1

1 1
— < C|dsys|*/? d < = logy ——— .

Now note that, for the vectors (15) and any 7, j € {0, 1}, we have
Tier =0, T;Tjes = £yadses, Tieq = £y2e5
and, fori = 1,4, 5, the following estimate is valid:
| T, Tay -+ Taeill < Cldsye|™2.
In addition, for all 7, j, k, 1 € {0, 1}, the following relations hold:
TiT; Ty Tiea = £yadsTieq £ (dg — 1)y2ysTies + T; T T er, Tie3 = ea + daes,
T;Tije¢ = ty5Tieq, T;TiTyer = i%(i7275Ti65 + (£7576 — ds)Ties).
Using these equalities, for an arbitrary vector w € Ey and any dy, ds, . .., d,, € {0,1}, we obtain
1T, Tay - - - T wl| < Clyz|™ ]
Hence, for any m € N, the following estimate holds:

T, Ty -+ T, |4 || < Cldsya|™?
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and, by Proposition 2,
ap > 1logz L .
2 |d572|
Thus, if d; = d3 = d7 = 1 and dsy, # 0, then
1 1

= —logy —— .
4 T2 %8 [y

30. Suppose that dy = dy = d3 = 1 and 47 # 0. Then the mask (13) has no blocking sets and the
function ¢ generates a multiresolution analysis in L2(R,.). Applying formula (11), we obtain

8¢ () = x[0,1) (1) (1 + w1 (y) + w2 (y) + w3(y) + dawa(y) + dsws(y) + dgwe(y) + drwr(y)
+ dgvawi2(y) + deyswiz(y) + dryewia(y) + dryrwis(y)
+ dryavewas(y) + drysvewae (v) + drveyrwso(y) + d77$w31(y)
+ dravsrrweo (y) + drvsverrwer (y) + drveys wee (y)
+ drv3wes(y) + dryaverrwiza(y) + drysyerswias(y) + ),
where y = /8. Let
G3:= 4+ dy + ds + dg + dgys + dgs.
Then
d7
-7

8p(0) = G3 + 7 (I +v(1+ 74+ 75)).

In addition, for any integer s > 2,

1 d _ _
8¢<§> =G+ 7 —777 (1 =292+ (1 =297 ) (dovs + va%6) +76(1 — 2957 1)).

Therefore,
1 S
‘sO(O) - w(;)‘ < Clvl*

For all i, j, k € {0, 1}, the following relations hold:
TZ-Tkael = nTka€4 = TZ-Tkae5 = TiTkaeG = 0,
T;T;Ties = £d7yrTiTer, T;TjTyez = (dg — d7)(vae1 + Y5e4) + 2d7Tier,
1
TiTiTer = £y T;Tjer, TiTjer = ig(i(%‘ — v7)(yae1 + ysea) + 2y Tier).
Hence, for an arbitrary vector w € Ey and any dy,da, ..., d,, € {0,1},
1T, Ty - -+ Ta,,wl| < Clyz[™ [Jwl].
Therefore, for any m € N, the following estimate holds:
1T, Ty - - - Tay |1 || < Clye|™
and, by Proposition 2, we have
>1 1
ay, > logy — .
N
Thus, ifd; = ds = d3 = 1 and v7 # 0, then

a, = logy — .
7
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49, Suppose that dy = dy = d5 = 1 and 7 # 0. Then the mask (13) has no blocking sets and the
function ¢ generates a multiresolution analysis in L?(R.). In that case,

8e(x) = xj0.1) (1) (1 + w1 (y) + w2(y) + dsws(y) + dswa(y) + ws(y) + dzdswe(y)
+ dzdrwr(y) + v3wi1(y) + dsdeyawi2(y) + dadryvewia(y)
+ dsdryrwis(y) + devswae(y) + dryswas(y) + dsdryayswas(y)
+ dsdryeyrwso(y) + dsdryawsi (y) + deyzvawas(y)
+ drysvewas (y) + dryzyrwar (y) + dsdryayeyrweo(y)
+ dsdryeVawez(y) + ),
where y = z/8.
Suppose that
Gy =4+ d3 +dy + dzdg + dzdr + v3 + d3dgys + d3drye + d3dryr
+ dgvs + drys + dsdryays + dazdryeyr + dsdrya + devsa
+ drysy6 + d7y3y7 + dsdryayeyr + dadryens.
Then

dr
8¢(0) = G4 + 1_—%(d373 + 37476 + 137677 + 1377 + d3avers + d3ve?).

For any integer s > 5,
1 d? 3 -3
= 1—2v3
890<2s> 1— 7 (d?ﬁ?( 7 7)

+93(1%6 + %677 +97) (1 = 2977 + 29770 - 29777)
+ d3ves (va + v7) (1 — 2957 ).

[t is readily seen that

o0) ()| = clonl

and hence

o < log, L
id
Further, just as above, for all i, j, k € {0,1},
Tie1 = T;Tjeg = 0, TiTjTyes = +d7ry3Ties + 2d7 T e,
TiTjTres = d3TiTjes & y3e2, Tieqy = TiTjes = £y3eq,

TiTjer = i%(’YsTiez +yiTies & (v6 — v7)vae1 + v71ier).
Hence, for an arbitrary vector w € Ey and any dy, ds, . .., d,, € {0,1}, we obtain
1T, Tay - - - T wl| < Clyz ™[]
Therefore, for any m € N, the following estimate holds:
1T, Tay - T |1 | < Clya|™

and, by Proposition 2, we have

a, > logy — .
7
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Thus, if d1 = d2 = d5 =1 and Y7 75 0, then

a, = logy — .
7

59. Suppose that d; = d3 = 5 = 1 and 7 # 0. Then the mask (13) has no blocking sets and the
function ¢ generates a multiresolution analysis in L?(R..). In addition,
8¢(x) = Xj0,1)(¥) (1 + wi(y) + dawa(y) + w3 (y) + dadywa(y) + dewe(y) + drwr(y)

+ dgyawi2(y) + dewis(y) + dryswia(y) + dryrwis(y)
+ deyowas (y) + dryavewas(y) + dryswze(y) + dryeyrwso(y)
+ dryFwsi (y) + dadgyowsa(y) + dryayswss(y) + dryaverrweo (y)
+ drvsyrwer (y) + drvevewes (y) + -+ ),

where y = z/8. Let

G5 := 3+ do + dody + 2dg + d7 + dgys + 2d7vs + d7yr + deye + d7yave
+ dryer + 2d77 + dadeya + drvays + drvaveyr + drve
Then

d
8p(0) = G5 + 1 ‘

e (V8 + davays + 127677 + 147675 + V675 + V673)-

For any integer s > 5, we obtain

1 dy _ _
8g0<§> =G5+ 1= - (WL = 727%) + y6(dara + v2v7 + 1% + 97 +13) (1 — 2957Y),

and the following estimate is valid:

‘sO(O) - 90<2—18> ‘ < Clyrl®.

Hence
ay, < logy — .
e
Further,
Tiel = TZ-Tkae4 = TiTje5 = TZT]TleeG = 0,
Ties = —d7eq + dreq + (d@ — d7)66 + 2d7, T;es = eo + dseg,
1
Tier = £5((va = y7)er = (v7 + 1)ea — m2e5 + (%6 — 17)es + v7e7).

Therefore, for an arbitrary vector w € Ey and any dy,ds, . .., d,, € {0,1}, the following estimate is valid:

T4, Ta, - - Ta, wl| < Clyr|™ |wl|
and, for any m € N, the following inequality holds:
T4, Tay -+ Ta |21 || < Clya|™.

Hence, using Proposition 2, we obtain the estimate

1
ap > logy — .

|7l
Thus, ifv5 = di = d3 = 1 and 7 # 0, then
a, = logg — .
o ]
The theorem is proved. O
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In conclusion, let us point out three cases in which p(A4p, A1) = 0 and the solution of Eq. (2) is a
binary entire function. Suppose that y = z/8 and x € [0,8). Then, setting

W(y) == wi(y) + dawa(y) + dsws(y) + dadawa(y) + dsdews(y) + dsdrwr(y),
we obtain the following three expansions from formula (11):
D1y =92 =93 =97 =0, then
8p(x) = 1+ di{W (y) + dadsws(y) + dadeyawi2(y) + dsdevswi3(y)
+ dzdryewi14(y) + dadryavewas(y) + dsdrysyewag (y)}-

2)Ify1 =72 =95 =7 =0, then
8p(z) =1+ di{W(y) + dadsws(y) + dadsy3wi1(y) + dzdeyawi2(y)
+ dzdryewi4(y) + dadsdsyzwaz (y) + dadsdryzwaz(y)
+ d3d7yvav6was (y) + dadsdeyzyawaa(y)
+ dadsdryzyswas(y) + dadsdryzyavewez (y)}-
3)Iids =~ =v3 =7 =0, then
8p(x) = 1+ di{W(y) + dadsvawi2(y) + dzdryvewia(y) + dadey2yswas(y)
+ dzdryavewas (y) + dzdrys w2 (y) + dzdadgyayswsa(y)
+ dzd7y2y5v6wss (y) + dzdadryaysy6wiie(y)}-
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