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Dyadic wavelets and refinable functions on a half-line

V. Yu. Protasov and Yu. A. Farkov

Abstract. For an arbitrary positive integer n refinable functions on the pos-
itive half-line Ry are defined, with masks that are Walsh polynomials of order
2™ — 1. The Strang-Fix conditions, the partition of unity property, the linear
independence, the stability, and the orthonormality of integer translates of
a solution of the corresponding refinement equations are studied. Necessary
and sufficient conditions ensuring that these solutions generate multiresolu-
tion analysis in L? (R4) are deduced. This characterizes all systems of dyadic
compactly supported wavelets on R4+ and gives one an algorithm for the con-
struction of such systems. A method for finding estimates for the exponents
of regularity of refinable functions is presented, which leads to sharp esti-
mates in the case of small n. In particular, all the dyadic entire compactly
supported refinable functions on Ry are characterized. It is shown that a
refinable function is either dyadic entire or has a finite exponent of regularity,
which, moreover, has effective upper estimates.
Bibliography: 13 items.

Introduction

Throughout this paper we use the following notation: Ry = [0, +00) is the posi-
tive half-line, {w;} is the Walsh system on R, @ and © are the dyadic operations

~

in Ry, f is the Walsh-Fourier transform of a function f (see §1 and also [1], and [2]).
As usual, we denote by N and Z the sets of positive and of non-negative integers,
respectively.

Basic facts about orthogonal wavelets and refinable functions on the real line R
can be found in [3]. In this paper, for an arbitrary positive integer n we study
solutions ¢ of the refinement equation

2" -1

p(x) = Z cke(2z 0 k), r € Ry, (0.1)
k=0

generating multiresolution analyses in L?(R,). The coefficients ¢, of equation (0.1)
are arbitrary complex numbers. We focus on compactly supported non-trivial solu-
tions ¢ € L?(R;) of this equation. If such a solution ¢ exists, then it is unique
up to multiplication by a constant and, moreover, @(0) # 0. In §2 we show that
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if equation (0.1) possesses a compactly supported solution ¢ € L*(R, ) normalized
by the condition @(0) = 1, then

2" —1 S’
=2 supppC (0,277, and Fw)=][m@2w),  (0.2)
k=0 j=1

where
on_1

m(w) = % kzzo — 0.3)

is a Walsh polynomial called the mask of equation (0.1) (or the mask of its solu-
tion ). Furthermore, this solution has the following properties (see §2 and § 3):
(1) @(r) =0 for all » € N (the modified Strang-Fix condition);
(2) Xgez, Pz @ k)=1 for almost all z € R, (the partition of unity property);

(3) if the system {¢(-© k) | k € Z} is orthogonal in L?(R,), then
[m(w)]? + |m(w +1/2)* =1 for each w € [0,1/2). (0.4)
Dyadic intervals of range n are intervals of the following form:
I =[k2 " (k+1)27"), keZ,.

We recall that for each 0 < j < 2" — 1 the Walsh function w;(x) is piecewise
constant: on each interval I,gn) it is either equal to 1 or to —1. Moreover, w;(z) =1
for x € Ién). We now set

b = m(w) for we]l("), 0<Ig<2"—1,
where m is the mask of refinement equation (0.1). Equalities (0.2) and (0.4) yield
bo = 1, i) 4 |bipon [P =1, 0<I<2" !t —1. (0.5)
The coefficients of refinement equation (0.1) are related to the values b; of

mask (0.3) on dyadic intervals by means of the direct and the inverse Walsh trans-
formations:

2" —1
1
= oy > bw(k27"),  0< k<21, (0.6)
=0
1 2" —1
b= ;;) crwy (1277, 0<I<2"—1. (0.7)

They can be realized by fast algorithms, which are similar to the classical algorithms
of the fast Fourier transformation (see, for instance, [2], Ch.9). Thus, our choice of
the values of a mask (0.3) on the dyadic intervals of range n defines also the coef-
ficients of equation (0.1) for the corresponding function .
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Definition 1. Multiresolution analysis (MRA) in L?(R,) is a sequence of closed
subspaces V; C L?*(Ry), j € Z such that

(i) V; C Vjy for each j € Z;

(ii) the union |JV; is dense in L?(R4), and N V; = {0};

(iii) f(-)eV; < f(2-) € Vi for each j € Z;

(iv) f(-)eVo = f(-®k)eV forall keZy;

(v) there is a function ¢ € L?(R.) such that the system {p(-© k) | k € Z,}

forms an orthonormal basis in Vj.

The function ¢ in condition (v) is called a dyadic scaling function or a dyadic
refinable function in L*(Ry).

For arbitrary ¢ € L%(Ry) we set
oin(x) =22p(Pzok), jE€Z, keZ,.

We say that a function ¢ generates MRA in L*(R.) if the system {o(- © k) |
k € Z,} is orthonormal in L?(R) and, in addition, the family of subspaces

V; = clospz(m,)span{y;i | k € Z4 }, JjE€Z, (0.8)

is MRA in L?(R,). If a function ¢ generates MRA in L*(R, ), then it is a dyadic
refinable function in L?(R, ). Each dyadic refinable function ¢ defines by means of
a routine procedure (see [4]-[6]) a dyadic wavelet 1 on R such that the functions

Yip(x) =2 Deok), jEL, ke,
form an orthonormal basis in L?(R, ).

Ezample 1. In the case of n = 1 and ¢y = ¢; = 1 the solution of (0.1) is the Haar
function ¢ = x[0,1) (throughout this paper we denote by x g the indicator function
of the set E). In this case

1 f 0,1/2
0 forwe[l/2,1),
1 forz€]0,1/2),
Y(x) =< -1 forze[l/2,1),
0 forxzeR;\[0,1).
The corresponding wavelets system {5} is the classical Haar system.

Ezample 2. The Lang refinable function [4] occurs in the case n = 2 for the mask

1 forwe[0,1/4),
m(w) = a forwe[1/4,1/2),
0 forwe[1/2,3/4),
b forw e [3/4,1),
where 0 < |a] < 1, |b] = 1/1 — |a|?2. The function ¢ satisfies the equation

p(x) =Y apeok)
k=0
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with coeflicients

_l+a+b

_l+a-0 _1l-a-b _l—a+b
2 9 - a8 T — - .

2 ) Co = C3

€0 2 2

C1

This function generates MRA in L?(R.), possesses the following self-similarity
property:

1 —b

%4—6@(237) for0 <z <1,
p(z) =

1-— b

++—bgo(2x—2) for 1 <z <2,

and is represented by a lacunary Walsh series:

1 T = T
o) = o (3) (14 e X Vuwns(3)) seRe 09

=0

Furthermore, for |b| < 1/2 the corresponding wavelets system {t;} is an uncondi-
tional basis in all the spaces LI(R4), 1 < ¢ < oo (see [5]).

We now denote by &, the operation of subtraction modulo p in R;. In [6] for
all p,n > 2 the author finds coefficients ¢, 0 < k < p™ — 1 such that the solution ¢

of the equation
pn_l

o)=Y approyk), weRy, (0.10)
k=0
possesses the following properties:
(1) ¢ is the sum of a lacunary Walsh series;
(2) the system {¢(- S, k) | k € Z4} is orthonormal in L?(R.);
(3) suppy C [0,p"'];
(4) ¢ generates p-multiresolution analysis in L?(R,).

For the calculation of the coefficients of equation (0.10) one chooses p™ — p com-
plex parameters satisfying a certain ‘orthogonality condition’, complements them by
p — 1 zeros, and applies the fast Vilenkin—Chrestenson transform. In [7] the author
constructs similar refinable functions and the corresponding wavelets on the locally
compact Abelian group G, of sequences = (z;) = (...,0,0, &k, Tpt1, Tht2, - - - ),
where z; € {0,1,...,p— 1} for j € Z and z; = 0 for j < k = k(x). The group
operation in G), is coordinatewise addition modulo p, and the topology corresponds
to the complete system of neighbourhoods of zero

U ={(z;) €Gp:2; =0, j<I}, leZ.

In the case p = 2 the subgroup Uj is isomorphic to the Cantor dyadic group, that
is, the topological direct product of countably many cyclic groups of the second
order equipped with the discrete topology. Basic facts and methods of the theory
of harmonic analysis on G5 (the additive group of the dyadic field F) can be found
in the monograph [2]. Dyadic wavelets on this group were studied in [4], [5].

The results of this paper concern mainly the following four problems:

1. Find necessary and sufficient conditions in order that solutions of functional
equation (0.1) generate multiresolution analysis in L?(R.).
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2. Derive conditions in order that the system {p(- © k) | k € Z,}, where ¢ is a
solution of (0.1), be linearly independent, stable, or orthonormal in L?(R).

3. Estimate the regularity of solutions of equation (0.1).

4. Derive necessary and sufficient conditions in order that solutions of (0.1) be
infinitely smooth or dyadic entire.

We shall indicate some crucial differences between our results in this paper and
the corresponding results of the classical wavelet analysis on R (see Remark 2).
Some of our results extend in a natural fashion to wavelets and refinable functions
on the group G, as also to solutions of equation (0.10) on the half-line R.

We start with some definitions. The family {[0,277) | j € Z} forms a fundamen-
tal system of the dyadic topology in R, (see, for example, [2], §1.3). A subset E
of Ry that is compact in the dyadic topology is said to be W -compact. It is easy to
see that the union of a finite family of dyadic intervals is W-compact. A W-compact
set F is said to be congruent to [0,1) modulo Z if its Lebesgue measure is 1 and
for each = € [0,1) there exists k € Z, such that © @ k € E. We say that a Walsh
polynomial m satisfies the modified Cohen criterion if there exists a W-compact
subset E of Ry congruent to [0,1) modulo Z; and containing a neighbourhood of
zero such that

inf inf |m(277w)| > 0. (0.11)
jENweEE

For an arbitrary set M C [0,1) we set

1 1 1
TM :=-M —+-M 12
: u(2+2 ) (0.12)

where o + M = {a + Pz |z € M}.

Definition 2. Let m be the mask of refinement equation (0.1). A set M C [0,1)
is said to be blocked (for the mask m) if it is a union of dyadic intervals of range
n — 1, does not contain the interval [0,27"*1), and possesses the property

TM C M UNullm,

where Nullm is the zero set of the mask m on [0,1).

For a compactly supported L2-solution ¢ of equation (0.1) such that $(0) = 1 it
follows by the orthonormality of the system {¢(-© k) | k € Zy} in L?(Ry) that

m(0) =1, |m(w)]? + |m(w+1/2)* =1 for each w € [0,1/2). (0.13)

In §4 we establish the converse result: if a mask m of a compactly supported
L2-solution ¢ of equation (0.1) satisfies (0.13) and one of the following equivalent
conditions:

(1) m has no blocked sets;

(2) m satisfies the modified Cohen criterion,
then ¢ generates MRA in L?(R.) (and, therefore, the system {p(-©k) | k € Z}
is orthonormal in L?(R,)).

Computing the quantities by, 0 < I < 2" — 1 for a fixed mask m by formula (0.7)

one can write equalities (0.13) in the form (0.5). We point out that since m(w) =1



1534 V. Yu. Protasov and Yu. A. Farkov

on I(()n), it is sufficient for the verification of condition (0.11) to find an integer

jo such that E/2% < I and to verify that m does not vanish on the sets
E/2,...,E/2°71 If m(w) # 0 on [0,1/2), then (0.11) holds for E = [0,1) (see
Examples 1, 2, 5). In the next example we define a one-parameter family of dyadic
entire refinable functions.

FEzample 3. Let n = 3 and let
ifwel0,1/4)U[3/8,1/2),

b ifwell/4,3/8), (0.14)

0 ifwel(l/2,3/4)U]7/8,1), '

B8, ifwel3/4,7/8),

where 0 < |b| < 1, |8] = /1 — |b]2. Then (0.2) yields

P(w) = Xqo,1/2) (W) + bX[1/2,3/2) (W) + X[3/4,1) (W) + BX[3/2,7/4) (W)-

Computing the inverse Walsh-Fourier transform we obtain the refinable function

p(r) = iX[oA) (2) [1 +wy (Z) + bws (Z) + w3 (Z) + Bws (Z)} , (0.15)

the mask of which satisfies (0.11) for £ = [0,1/2) U [3/4,1) U [3/2,7/4). Func-
tion (0.15) generates MRA in L?(R) and satisfies the equation

7

p(x) =) ap2eok)

k=0
with coefficients
o= 2T+ 8 o =210 F pmcg= L2078
4 ’ 4 ’ 4 ’
03:67:1—b+ﬁ 64:—1+b+ﬂ 05:—1+b—6.
4 ’ 4 ’ 4

These representations of the coefficients follow from (0.6) and (0.14). For b = 0
function (0.15) was considered in [6], Example 4.

In §5 we obtain expansions of refinable functions in lacunary Walsh series and
elaborate a method for the computation of the regularity of these functions (which
produces precise values in the case of small n). Similar results for the locally
compact Abelian group G, can be found in the recent paper [7]. In §6 we derive
a criterion for refinable functions to be dyadic entire, and in §7 we prove that a
refinable function is either dyadic entire or has a finite exponent of regularity with
an effective upper estimate.

§1. Preliminary facts and results

The Walsh system {wy, | n € Z4} on Ry is defined as follows:

k
wo(z) =1,  wp(z) = [[(wr1(@2))”, neN, zeRy,
j=0
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where the v; are the coefficients of the decomposition
k
n:ZyﬂJ, v; €{0,1}, v =1, k==k(n),
j=0

and the function wi(x) is defined on [0,1) by the formula

1, ifx€][0,1/2),
wi(z) = _ [0,1/2)
-1, ifze[1/2,1),
and is extended to R4 by periodicity: wy(z + 1) = w1 (z) for all z € Ry
Walsh polynomials are finite linear combinations of the Walsh functions. An
arbitrary Walsh polynomial of order n can be written in the following form:

n

w(z) =Y cjw;(x),

=0

where the c; are complex coefficients. For more information about the proper-
ties of Walsh polynomials and their role in the dyadic harmonic analysis see, for
example, [1], [2].

We shall denote the integer and the fractional parts of a number z € R by [z]
and {x} respectively.

For x € R} and j € N we define the numbers z;,z_; € {0, 1} as follows:

z; =[272] (mod 2), z_j=[2""9z] (mod 2). (1.1)

They are the digits of the binary expansion

Tr = ij27j71 + Z‘szij

7<0 7>0

(for dyadic « we obtain an expansion with finitely many non-zero terms).
For fixed x,y € Ry we set

TDY = Z|xa —y;|277t —l—Z\xj —y;|277,
3<0 7>0

where z;,y; are defined in (1.1). By definition x 6y = z @ y (because z & = = 0).
The binary operation @ identifies Ry with the group G2 and is useful in the study
of dyadic Hardy classes and for the construction of algorithms in signal processing
(see [1], [2]). We point out that this identification associates Haar measure in G
with Lebesgue measure on R, and the characters of the group G, with generalized
Walsh functions.

A function f: Ry — C is said to be W-continuous at a point z € Ry if

sup |f(z@®h)— f(z)| =0 as n — 0o.
0<h<1/2n
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A function f is W-continuous if it is W-continuous at each point of R;. A contin-
uous (in the usual sense) function on R, is also W-continuous. Walsh polynomials
are W-continuous (see, for example, [2], §1.3).

For z,w € Ry we set

(o)
(@,w) = (~17E9, where o(e,w) = Y-, + o,
j=1

and zj,w; are defined by (1.1). Observe that for each positive integer n we have
x(x,27") = x(27 ", 1) = w;(27"x) forall x€]0,2"), l€Z;.

The Walsh-Fourier transform of the function f € L1(R,) is defined as follows:

flw) = f@)x(z,w) dz.

Ry

If fe L?(Ry) and
Juf(w) = / f@x(@w)dr,  a>0,

then f is the limit of J, f in L*(R;) as a — oo.

The properties of the Walsh-Fourier transformation are quite similar to the prop-
erties of the classical Fourier transformation (see, for example, [1], Ch. 6 or [2],
Ch. 9). We list some of them below.

Proposition 1. The following properties hold: R
(a) if f € LY(Ry), then f is a W-continuous function and f(w) — 0 as w — 00;
(b) the inversion formula

o~

@)= | flwx(zw)dw;

R

holds for each x € Ry, provided that both f and f belong to L*(Ry) and f is
W -continuous. R
(c) if f € L3(R,), then f € L*(Ry) and

Iflle2@®y) = If1lL2y)-

In what follows &, is the space of dyadic entire functions of order n, that is, of
functions defined in Ry and constant on all intervals of range n. For f € &, one
has

flx) = Zf(T”k)xlém(w), z € Ry
k=0

Clearly, each Walsh polynomial of order 2™ — 1 belongs to &,. The set & of dyadic
entire functions on R is the union of all the spaces &,. The refinable functions in
Examples 1 and 3 belong to &.
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Proposition 2. The following properties hold: R

(a) if supp f C [0,2"], then f € &,, provided that both f and f belong to L*(R)
and f is W-continuous; N

(b) if f € LY(Ry) N &,, then supp f C [0,2"];

(c) if f € LY(Ry) and supp f C [0,2"], then f € & in a similar way, if
g € LY(R,) and suppg C [0,2"], then the inverse Walsh-Fourier transform
of the function g belongs to &;

(d) if f €&, thensupp f C[0,2"], provided that f € L*(R.) and f is W -continuous.

Proofs of all these properties can be found in [1], §6.2. We also require the
following two propositions from [6].

Proposition 3. Let ¢ € L2(R,). Then the system {¢(-Ok) | k € Z,} is orthonor-
mal in L*(R.) if and only if
Z PwaD))?=1 for almost all w € R;. (1.2)
=

Proposition 4. Let {V;} be a family of subspaces defined by formula (0.8) with a
fized function o € L?(Ry). If the system

{p(-0k) | keZy}
forms an orthonormal basis in Vy, then (| V; = {0}.

Results similar to Propositions 3, 4 and useful in the construction of wavelets in
L?(R) are well known (see [3], §§5.1, 5.3).

§ 2. The uniqueness of the solution, the Strang-Fix
condition, and the partition of unity property

Let ¢ € L?(R,) be a solution of equation (0.1). Using the Walsh-Fourier trans-
form we obtain
w w
P(w) = — ol = 2.1
s =m(3)e(%). (21)

2" —1

m(w) = % kzzo crwi(w) (2.2)

where

is the mask of refinement equation (0.1).

Theorem 1. If equation (0.1) has a compactly supported solution p € L*(Ry) such
that ©(0) = 1, then

2" —1

Z ck =2 and suppe C [0,2"71]. (2.3)
k=0

This solution is unique, is given by the formula

pw) = [[.m27w) (2.4)
j=1
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and possesses the following properties:
(1) @(r) =0 for all r € N (the modified Strang-Fix condition);
(2) Yopen, vz ® k) =1 for almost all x € Ry (the partition of unity property).

Proof. Assume that equation (0.1) possesses a solution ¢ € L?(R ) with compact
support such that @(0) = 1. Substituting w = 0 in (2.1) we obtain m(0) = 1,
therefore Zilgl cr = 2. Further, let j be the greatest integer such that ¢ does
not vanish on a positive-measure subset of the interval [j — 1,j]. Assume that
j =271 +1 and consider an arbitrary dyadic = € [j — 1, j]. If

[22] =1 (mod 2"),

where [ € {1,2,...,2™ — 1}, then 2z > 2™+ and for each k € {0,1,...,2" — 1} we
have
20 0k > 2x — 1 > 2".

Moreover, since {2z} > 0, it follows that 22 © k > 2". Combining this with (0.1)
we conclude that j > 2" 4 1; otherwise ¢(2z © k) = 0 for almost all z € [j — 1, j]
and for each k. Applying now (0.1) we obtain ¢(x) = 0 a.e. on [j — 1, ], which
contradicts our choice of j. Furthermore, since 2z is not an integer and x > j — 1,
it follows that for each k € {0,1,...,2" — 1}

2ok>2—(2"—1)>(2j—-2)— (2" 1) >

(we use here the inequality j > 2™ + 1). Arguing as above we obtain ¢(z) = 0 a.e.
on [j — 1,4]. Thus, j < 2", therefore supp ¢ C [0,2"7 ], and we arrive at (2.3).

We now claim that the Walsh-Fourier transform ¢ satisfies (2.4). First, ¢ belongs
to L'(R,) because it belongs to L?(Ry) and has a compact support. Applying
now (2.3) and Proposition 2(c) we obtain @ € &,_1. Using the condition $(0) =1
we see that $(w) = 1 for all w € [0,2!7"). On the other hand, m(w) = 1 for
w € [0,217™). Hence, for each w € [0,27) (r is a positive integer) one has

r4+n ')
Bw) = p27"w) [ m(2~*w) = [ m2™*
k=1 k=1

which completes the proof of (2.4) and of the uniqueness of ¢.
We observe that for each » € N we have

r) [[m@r) =3@2r) -0
s=0

as j — oo (since ¢ € L'(R,) and m(2°r) = 1 because m(0) = 1 and m is periodic).
This means that @(r) = 0. By Poisson’s summation formula we obtain

o0

S steak) =Y g

r=0
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(the equality holds almost everywhere in Lebesgue measure). Since @(r) = dg,, it
follows that

Y el @k) = @(0)wo(x) = 1.
k=0
The proof of the theorem is now complete.

§ 3. Linear independence and stability in L7(Ry)

A function f € LY(R4), 1 < ¢ < oo is g-stable if there exist positive constants A,
and B, such that

Agllalles <

Zakf('@k)

k€Z4

< Byllalea (3.1)

La(Ry)

for each sequence a = {a;} € ¢9. In particular, a function f € L*(R,) is 2-stable
if and only if {f(-© k) | k € Z,} is a Riesz system in L?(R,) (for more infor-
mation about Riesz bases and systems see, for example, [8]). We say that a func-
tion f: Ry — C has a periodic zero at a point x € Ry if f(x®k) =0forallk € Z,.

Theorem 2. For a compactly supported function f € LI(R;), 1 < ¢ < oo the
following properties are equivalent:

(1) f is q-stable;

(2) the system {f(-©k) |k € Z+} is linearly independent;

(3) the Walsh-Fourier transform of f does not have periodic zeros.

Proof. Since f has compact support and belongs to L4(R.) with ¢ > 1, it follows
that f also belongs to L'(R,). Let supp f C [0,2" ] for some positive integer n;
then f € &,_; (Proposition 2(c)). We observe that the linear independence of
the system {f(- © k) | k € Z,} is equivalent to that of the finite system f(-© k),

k € {0,1,...,2""t — 1}, because the other functions have supports disjoint from
the interval [0,2"~1]. If there exist ag,...,agn-1_; such that
2n—l 1
Z arf(-©k)=0 and |ag|+ -+ |agn-1_1] >0, (3.2)
k=0
then the sequence (ag,...,agn-1_1,0,0,...) fails the lower bound in (3.1). Con-

versely, if f is not g-stable, then the function

2n—1l_q

Z af(-© k)

k=0

F(a) =

Li(Ry)

takes arbitrarily small values on the sphere

on—1l_q
Z lax| = 1}.

S = {CL = (ao,. . .,a2n71_1)
k=0

Indeed, the right hand side of (3.1) always holds for compactly supported functions:
if supp f C [0,2"71), then one can set B, = 2=V ¢|l, = This follows
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immediately from Hoélder’s inequality in the £,-metric. Combining the linearity of I
and the compactness of a unit ball in a finite-dimensional space we conclude that
there exists a point a € S such that F'(a) = 0, which means the linear dependence of
the integer translates. Thus, (1) < (2). Further, if some set a = (ag,...,agn-1_1)
satisfies conditions (3.2), then using the Walsh-Fourier transformation we obtain

on—1l_1
Flw) Z arpwg(w) =0 for almost all w € R4.
k=0

The Walsh polynomial w(w) = Zi:ol_l arwy(w) is not identically equal to zero;
hence there exists a dyadic interval I of range n — 1 such that w(I+r) # 0, r € Z.
By the periodicity of w one can assume that I lies in the interval [0,1). Since
f € &,-1, it follows that (3.2) holds if and only if there exists a dyadic interval

I C [0,1) of range n — 1 such that f(I 4+ r) =0 for all r € Z,. Thus, (2) < (3),
which completes the proof of Theorem 2.

Corollary 1. If a function f is compactly supported and q-stable, then it is p-stable
for allp € [1,q].

Indeed, a g-stable compactly supported function f belongs to all the spaces
IPRy), 1<p<q.

Remark 1. In the proof of Theorem 2 we have actually established the following
result: if the integer translates of a compactly supported function f € LI(R.),
1 € ¢ < oo, are linearly dependent, then there exists a dyadic interval I C [0,1)
consisting entirely of periodic zeros of the Walsh-Fourier transform f Furthermore,
if supp f C [0,2"7!], then I has range n — 1. Each periodic zero wg € [0,1) of f lies
in such an interval I.

Thus, the g-stability of a function f, 1 < ¢ < oo, is equivalent to the linear
independence of its integer translates, and to the absence of periodic zeros of its
Walsh-Fourier transform f. For this reason we shall say in what follows that a
function is stable without specifying the value of the parameter q.

We shall now deduce conditions for refinement equation (0.1) to have a stable
solution. To this end we require the concept of blocked set (Definition 2) and
the operator T defined in (0.12). We shall occasionally denote dyadic subintervals
1Y) = 279k, 279 (k + 1)) of [0,1) by I = Iy, _a,, where 0.d;...d; = 279k. If a
set M is blocked for a mask m, then for each dyadic interval Iy, 4, , C M each
of the intervals Tog, ..., and L, . .4 lies in M or in Nullm.

Proposition 5. Let ¢ be a compactly supported solution of refinement equa-
tion (0.1), ¢ € LI(Ry) for some 1 < q¢ < oo, and p(0) = 1. Then the func-
tion ¢ is not stable if and only if the corresponding mask m possesses a blocked
set.

Proof. By Theorem 1, supp g C [0,2" "], therefore § € &,_1. If ¢ is not stable,
then the set of all periodic zeros of the function @ on [0,1) is a blocked set for m.
Indeed, the set

My={wel0,1)|pw+k)=0foral keZy}.
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is a union of several dyadic intervals of range n — 1 (Remark 1). Since $(0) = 1, it
follows that My does not contain the interval [0,27""1). Furthermore, if w € My,
then by formula (2.1)

w k\ . (w k
m<2+2)<,0<2+2)—0 fOI"aHk‘EZ+

and therefore the numbers w/2, w/2 4+ 1/2 belong to either My or Nullm.

Conversely, if the mask m has a blocked set M, then each w € M possesses the
property p(w + k) = 0, k € Z,. Hence $ has a periodic zero and by Theorem 2
the function ¢ is not stable. Indeed, assume that there exists w € M such that
P(w + k) # 0 for some k. Consider sufficiently large j such that 277 (w + k) <
21=" For each r € {0,1,...,j} we denote by z, the fractional part of the number
27"(w + k). Obviously, 7o = w and z; = 277 (w + k). Thus, we have

Plw+k) =@ (w+k) [T m@ (@ + k) = B(z;) [] mla). (3-3)

r=1 r=1

It is easy to show that if x,. € M, then z,,1 € T'M and therefore x,;; belongs to
either Nullm or M. We also point out that z, ¢ Nullm, for otherwise it follows
by (3.3) that @(w + k) = 0. Thus, if z, € M, then z,,1 € M. On the other
hand, since zg = w € M, it follows that x, € M for all 1 < r < j. This is
impossible because z; ¢ M. In fact, z; = 277 (w+ k) < 2'7™; however, M does not
contain points of the interval [0,2'~™). This contradiction completes the proof of
Proposition 5.

Proposition 5 reduces the stability problem for a compactly supported refinable
function to the verification of some combinatorial fact, which can be verified, at
least theoretically, in finite time by mere brute force. In practice, however, this
procedure can take too long for large n because it requires about 22" ! operations.
It could be more convenient to use necessary or sufficient conditions for stability.
We now formulate several such conditions. We call a point w a symmetric zero of
a mask m if m(w) = m(w +1/2) = 0.

Corollary 2. If a mask m possesses a symmetric zero, then the solution ¢ of
refinement equation (0.1) is not stable.

Indeed, if w = 0.didy...d, ... is a symmetric zero, then the dyadic inter-
val Ig,. 4, is a blocked set.

n

Corollary 3. If m(1/2 — 1/2™) = 0, then the solution ¢ of refinement equa-
tion (0.1) is not stable.

Indeed, if m(1/2 — 1/2") = 0, then the interval [1 — 217" 1) is a blocked set.

Corollary 4. If a mask m has no symmetric zeros and does not vanish at the
point w = 1/2 —1/2™ or on the interval [0,1/4), then the solution ¢ of refinement
equation (0.1) is stable.

The proof is left to the reader.
Another useful consequence of Theorems 1 and 2 provides necessary conditions
for the existence of stable L2-solutions.
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Corollary 5. If an L?-solution of refinement equation (0.1) is stable, then

gn—1_1q on—1_1

1
m<2) =0 and kz_o Cop, = kz_o copy1 = 1. (3.4)

Proof. Assume that m(1/2) # 0; then by the Strang-Fix condition (Theorem 1),
for each k € Z, we obtain

o:@@k+1%:m<k+;>@(k+;)::m<;>@<k+;>

and therefore @(k + 1/2) = 0. This means that 1/2 is a periodic zero of @, which
contradicts the stability (Theorem 2). Hence m(1/2) = 0 and (3.4) holds. This

proves Corollary 5.

How can one determine from the coefficients of the equation (or by its mask)
whether the solution belongs to L9 7 It is well known that in the classical situation
(for refinable functions on the real line R) and in our case (on the half-line R ) alike
this problem is not necessarily effectively soluble. For example, it is still unknown
if there exists a practically applicable criterion or an algorithm deciding whether
the solution of a refinement equation is continuous. The same situation with the
space L*(R) is similar (see, for example, [9], [10]). There exists a criterion for L?(IR)
in terms of the spectral radius of a certain matrix constructed from the coefficients
of the equation (see [11]). Fortunately, if a mask satisfies condition (0.4), then this
problem in L?(R,) has a simple solution.

Proposition 6. If a mask m of refinement equation (0.1) has the following prop-
erties:

m(0) =1, [m(w)> + m(w +1/2)|> =1 for allw € [0,1/2),
then the equation has a solution ¢ € L*(Ry) and moreover,
lellz2@y) < 12(0)]- (3.5)

Proof. We define a function @(w) by equality (2.4) and prove that it belongs to
L?(R,). In this case its inverse Walsh-Fourier transform ¢ also belongs to L?(R.)
and obviously satisfies (0.1). We have

) =TT Im2"*w)l>
k=1

Since |m(w)| < 1 for all w, it follows that for each j,

J
B)? < [ Im@*w)?,  weRs.
k=1

Consequently,

27 27 J 17
/ |$(w)\2dw</ H|m(2*kw)\2dw:2j/ I Im@"w)? dw. (3.6)
0 0 & 0 k=0

=1
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The function |m(w)|? is 1-periodic and piecewise constant with step 27", therefore

it is a Walsh polynomial of order 2™ — 1:

2" —1

mW)* =Y apwg(w).
k=0

The conditions imposed on the mask yield the equality asr = dor/2, therefore

2n—1l_q
1
Im(w)|* = 5T Z A2s+1Was+1(w).
s=0
Then
j—1
H |m(2kw)|2 = Z sy -+ s, Wr (W),
k=0 SO+251+"'+2J—1S]‘71:7‘
where for each 7 either s; = 0 or s; is odd. Hence if r = 0, then s = --- = 5,1 =0,
therefore
j—1
[TIm@*)? =277 +> b, (w).
k=0 r>1
Since

1
/ wy(w) dw =0
0
for all 7 > 1, it follows that
15-1
/ [T Im(@ ) = 24
0 k=0

and we see from (3.6) that
27
/ |P(w)]? dw < 1.
0

Passing to the limit as j — +oo we arrive at (3.5). The proof of the proposition is
complete.

§ 4. The construction of dyadic wavelets in L?(R)
We recall that a function ¢ generates MRA in L?(R. ) if the system {o(-© k) |
k € Z} is orthonormal in L?(R,) and the family of subspaces

Vj = CIOSL2(R+) span{gpjk. ‘ ke Z+}, j € Z, (41)

forms MRA in L?(Ry). If a compactly supported solution ¢ of equation (0.1)
generates MRA in L?(R. ), then the function

2" —1

Y(x) = Z (—1)*erp10(2z © k), reRy,
k=0
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is a dyadic wavelet in L?(R, ). Indeed, setting
mi(w) = —wi(w) m(w & 1/2)
we see that 1(w) = m (w/2)@(w/2) and the matrix

(i) e )

is unitary (see [3], Theorem 5.1.1 and [5], §3).

We now find out when solutions of refinement equation (0.1) generate MRA
in L2(Ry). We start with conditions for the integer translates of the solution of
equation (0.1) to form an orthonormal basis of their linear span.

Proposition 7. Let ¢ € L?>(R.) be a compactly supported solution of refinement
equation (0.1) such that $(0) = 1. Then the system {p(-© k) | k € Z4} is
orthonormal in L?(R.) if and only if the mask m has no blocked sets and satisfies
the relation

Im(w)|* + |m(w+1/2)]* =1 for each w € [0,1/2). (4.2)

Proof. We set
Flw)= Y |gwal)l* (4.3)

1€Z4

The function ¢ has a compact support, therefore it follows by Propositions 2 and 3
that the orthonormality of the system {¢(- © k) | k € Z;} in L?(R;.) is equivalent
to the condition F(w) = 1.

1. Necessity. The function ¢ is stable, therefore there exist no blocked sets. Col-
lecting terms with odd and even indices in (4.3) we obtain

F(w) = |m(w/2)?F(w/2) + |m(w/2 ®1/2)*F(w/2 ® 1/2). (4.4)

Setting now F(w) =1 we arrive at (4.2).

2. Sufficiency. By Proposition 5 the function ¢ is stable. By the Strang-Fix condi-
tions (Theorem 1) we obtain F(0) = 1. Let 6 = inf{F(w) |w € [0,1)}. Since

/OlF(w)dwzl

(by Proposition 6), it follows that either F' is identically equal to 1 or § < 1. The
function F has period 1 and is constant on dyadic intervals of range n—1. Therefore,
either § > 0 or I vanishes on one of these intervals. The latter is impossible for
in that case @ possesses a periodic zero, and ¢ is unstable. Hence 6 > 0. We
now set Ms = {F(w) =d | w € [0,1)}. Combining (4.2) and (4.4) we see that for
each w € M the quantities w/2 and w/2 + 1/2 belong either to Ms or to Nullm.
This means that the set My is blocked, which contradicts the assumption. Thus,
F(w) = 1, which completes the proof.

The following proposition is an analogue of Cohen’s well-known theorem (see [13],
Theorem 6.3.1).
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Proposition 8. Let
1201
m(w) = 3 Z crwi(w) (4.5)
k=0
be a Walsh polynomial such that
m(0) =1, Im(w)]? + |m(w +1/2)> =1 for each w € [0,1/2), (4.6)

and let o € L*(Ry) be the function defined by the formula
o0 .
Plw) = H m(277w). (4.7)
j=1

Then the system {o(- © k) | k € Z4} is orthonormal in L?(Ry) if and only if m
satisfies the modified Cohen’s condition.

Proof. The function ¢ belongs to L2(R,) by Proposition 6. Using (4.7) we obtain
the equality

P(w) = p(w/2)m(w/2),

which is equivalent to (0.1). Hence the function ¢ satisfies refinement equation (0.1)
with mask (4.5). For each w all the multipliers in (4.7) are equal to 1 for sufficiently
large j. Indeed, the mask m is equal to 1 on Ié") and 27w — 0 as j — oo. Hence
is W-continuous. We point out that by Proposition 1(a) the W-continuity of ¢ also
follows from Theorem 1. Thus, with the use of Proposition 3 we see that the
orthonormality of the system {p(- © k) | k € Z,} in L?(R,) is equivalent to the
identity

S lpwen?=1. (4.8)

lEZ

Assume now that (4.8) holds. Then for each w € [0,1) there exists a quantity [,
such that

lw 1
S Bwal)? > 5
=0

Since @ is W-continuous, it follows that for each w € [0,1) there exists a dyadic
interval I, such that

| =

lw
Mgt en)? =
1=0

for all t € I,,. By the W-compactness of the interval [0, 1) the cover {I, |w € [0,1)}

contains a finite subcover {I,,,..., I, }. We set lp = max{l,,,...,lw, }. Then the
inequality

S Bwanl > g (19)

holds for all w € [0, 1).
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Let ¢ = 1/(2/lp+1). It follows from (4.9) that for each w € [0,1) there
exists [ € {0,1,...,lp} such that |g(w )| = ¢p. Since $(0) =1 and the function @
is W-continuous, it follows that the set

So = {w €1[0,1) ’ |p(w)| = co}
contains a neighbourhood of zero. Consider now the following sets

S1:={wel0,)\ S ||pwd1)|>co},
SQ.—{WG O,l)\(S()USl ||cpw@2 Co}

The set E = é(’:O(Sl @ 1) is W-compact, congruent to [0,1) modulo Z,, and
contains a neighbourhood of zero. Since the polynomial m(w) is equal to 1 in a
neighbourhood of zero, one can choose an integer jg such that

m(27w)=1  forallj>jy, we€eE. (4.10)

Combining this with (4.7) we obtain

w)| = H|m (27w)| - [B(277°w)|, (4.11)

where |p(w)| = ¢o for w € E. We observe that |m(w)| < 1 for all w. Hence it follows
by (4.10) and (4.11) that

Jo
m@27w)| > [[Im@ ) >0 >0  for 1<j<jo, w€eE. (4.12)
=1

Combining now (4.10) and (4.12) we obtain

inf inf |m(277w)| > 0.

jeNweE
Conversely, assume that the polynomial m(w) satisfies the modified Cohen’s condi-
tion and (4.6). Then from Lemma 1 of [6] we see that the system {o(-Sk) | k € Z4}
is orthonormal in L?(R;). This proves Proposition 8.

The following theorem gives necessary and sufficient conditions for solutions of
equation (0.1) to generate MRA.

Theorem 3. Suppose that equation (0.1) possesses a compactly supported L?-
solution ¢ such that its mask m satisfies conditions (4.6) and $(0) = 1; then the
following properties are equivalent:

(a) ¢ generates MRA in L*(R,);

(b) the mask m has no blocked sets;

(c) the mask m satisfies the modified Cohen’s condition.
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Proof. The implications (a) = (b) and (a) = (c) follow directly from Propositions 7
and 8. To establish the reverse implications we assume that m satisfies one of the
conditions (b) and (c). In this case it follows by Propositions 7 and 8 that the
system {¢(-© k) | k € Z;} is orthonormal. We define {V;} by formula (4.1). By
Proposition 4 we obtain (| V; = {0}. The embedding V; C V; follows from the fact
that ¢ satisfies (0.1). Invoking now (4.1) we obtain the inclusion V; C V4, for
each j € Z. It remains to show that

W = LZ(R+)7

or, in other words,
1l
(U Vj) = {0}. (4.13)

Let f € (U ‘/j)L. For fixed positive ¢ we choose a dyadic entire function
u € LY(Ry) N L3(Ry) such that || f — ul| < & (in what follows we denote by || - ||
the norm in L?(R,)). Then for each j € Z, the orthogonal projection P;f of the
function f to V; possesses the property

1P I = (P f, Pif) = (f, P f) = 0.
Hence
[Pjull = 1P5(f =Wl < If —ul <e. (4.14)

Consider a sufficiently large integer j such that suppa C [0,27) and 279w € [0,27" 1)
for all w € supp . Such j exists by Proposition 2(b). We set g(w) = t(w)p(2 7 w)
and observe that the system {277/2y(277k, -)}%2, is an orthonormal basis L]0, 27].
Hence

S Jexlg)? =27 / l9(w)P? d, (4.15)

keZy

where

2.]
er(g) = 279 / G2k, w) do.

0

Taking into account the equality
| o2 0 kix(e.w) de =215 X2 kv
Ry
and using Plancherel’s formula we obtain
2J
22 o) =27 [ gl)(2 k) do.
0

Invoking (4.15) we see that

1Pl = 3

kEZy

(u, 050) = / () B2 )2 duo. (4.16)
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Recall that m(w) = 1 on I and 279w € [0,2-"+!) for w € supp@. Combining
this with the equality

pw) = [[m2w)

we see that p(277w) = 1 for all w € suppu. Since supp@ C [0,27), it follows
from (4.14), (4.16), and Proposition 1 that

e > || Pyull = [[a]] = [[ul-

Therefore,
11l <&+ flull <2,

which proves (4.13) and completes the proof of Theorem 3.

Remark 2. In the construction of classical wavelets on the real line R one uses the
same condition (4.6) on the mask, while the condition on blocked sets is different.
In the classical case the mask is a trigonometric polynomial of degree n, which has
at most n zeros on the period interval. The condition in that case is as follows: the
zeros of the mask cannot form a so-called non-trivial cycle ([3], Theorem 6.3.3).
Another distinction, which is more important, is that the trigonometric poly-
nomials satisfying (4.6) are found from a special Diophantine equation. For fixed
n this equation has finitely many solutions of the smallest possible degree. They
correspond to the Daubechies wavelets ([3], §6.4). In the dyadic case, as seen
in Theorem 3, the construction of wavelets proceeds by another scheme, which is
slightly simpler. First, one chooses an arbitrary function m(w) on [0,1/2) such
that it is constant on the dyadic intervals of range n and m(0) = 1. Second, this
function is extended onto R, with the help of the equalities

Im(w)]? + |mw+1/2)? =1 and m(w+ 1) = m(w).

Finally, one verifies (by means of a finite exhaustive search) whether m has blocked
sets. If it has none, then the corresponding refinable function generates MRA
in L?(R ) and a system of wavelets. According to Proposition 7 and Theorem 3, this
algorithm produces all possible systems of dyadic wavelets generated by compactly
supported refinable functions.

Thus, in the construction of dyadic wavelets we are free to choose an arbitrary
piecewise-constant function with step 27™ on the interval [0,1/2), with the unique
restriction of the absence of blocked sets.

§ 5. Expansions in Walsh series and estimates of moduli of regularity

Assume that a compactly supported solution ¢ of equation (0.1) generates MRA
in L?(R4) and is normalized so that $(0) = 1. Then by Theorem 1 and Proposi-
tion 7,

m(0) =1, Im(w)]? + |m(w+1/2)*=1 forall we][0,1/2) (5.1)
and

P(w) = H m(279w), (5.2)
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where m is the mask of equation (0.1). Moreover, suppy C[0,2"!]. Condi-
tions (5.1) are equivalent to the following equalities:
bo = 1, 07| + |byyon P =1, 1€{0,1,...,2" "1 — 1}, (5.3)
where the b; are the values of the mask m on the dyadic intervals [, l("). If
1 =i12% +92" + - 43,277 i; € {0,1},

then we set ¢(iy,ia,...,4n) = by.
For a positive integer [ we define the coefficients a;[m] by the binary expansion

k
1= w2, {01}, =1, k=k(), (5.4)
§=0
as follows:
a [m] - C(/”'07 Ov Oa ) Oa 0)7 if k(l) = 07
al[m] :C(,UJl,O,O, .,0,0)c(uo,ul,O 7070)7 if k(l) =1,

aj [m] = C(/J'k70707 ) 707 O)C(Mkfla Mk, 07 ceey 070) T C(/J'Ovﬂlvll'27 sy Mn—2, /'Lnfl)7

if k = k(l) 2 n— 1. The indices of each factor in the last product, starting with
the second, are equal to the indices of the preceding factor shifted one position
rightwards; at the free first position one puts the corresponding digit of the binary
expansion of [.

We denote by No(n) the set of integers | > 2"~ with binary expansion (5.4)
containing a subsequence (t;, ftjt1,-- -, Mj+n—1) equal to (0,0,...,0,1). We observe
that a;[m] = 0 for | € Ny(n) because

c(0,0,...,0,1) = byn1 =0
by (5.3). Let N(n) = N\ No(n). In particular,
N(2)= {2t —1|j€z,}={1,3,7,15,31,...},
N(3) = {1,2,3,5,6,7, 10,11, 13,14, 15, 21, 22, 23, 26, 27, 29, 30, 31,42, .. . }.
Combining (5.1) and (5.2) we obtain
P(w) = X1-n(w) + Z ailm] X1 -p <w o in—1>7 (5.5)
1eN(n)

where X1, = Xjo,1/2n-1). Taking the inverse Walsh-Fourier transformation and
using the equality

l 1 T x
/R+ Xi-n (w S 2n_1>X($aw) dw = 2n7_1X[0,1) (2n_1>wl (271_1);

we can write (5.5) in the following form:
1 T T
1eN(n)

For n = 2 we obtain the Lang decomposition (0.9).
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Ezxample 4. For n = 3 we set

b():l, blza, bgzb, b3:c,
b4:0a b5:a7 bGZﬁv b7:77

where |a]? + |af?> = |b]?> + B> = |c|* + |7]* = 1. By means of (5.6) we find a
function ¢ with the following Walsh decomposition

(@) = pron @) (1+ Y almlun(n)

1EN(3)
1
= X0 (¥)(1 + aw: (y) + abws(y) + acws(y) + abaws(y)
+ acBwg(y) + acywr(y) + abzawlo(y) + abcawir (y) + - -+), (5.7)

where y = z/4. If a = 0 or ¢ = 0, then the system {o(- © k) | k € Z4} is linearly
dependent. If a and ¢ are both non-zero, then the function ¢ generates MRA
in L2(Ry). Indeed, if abc # 0, then condition (0.11) is fulfilled for £ = [0,1), and
ifa#0,b=0, c# 0, then it is fulfilled for £ = [0,1/2) U [3/4,1) U [3/2,7/4).
Note that in the case of a = 1, 0 < |b] < 1, ¢ = 1 the function ¢ is dyadic entire
(Example 3).

The reader can find graphic illustrations related to Examples 2 and 4 in [5]
and [6].

FEzxzample 5. Consider complex numbers bg, by, ..., byn—1_71 such that
by =1, 0< b <1, 1<i<2m !t —1,
and then select bogn—1,bon—1,1,...,ban_1 as

|bipon—1]| = /1 — |bi|2, o<I<2m 1.

Using discrete Walsh transform (0.6) we find the coefficients of the mask

2" —1

mw) = 5 > e

which takes the values b; on the corresponding intervals 1, l(n), 0<1<2"—1. Since
we choose the b; distinct from zero for 0 <1 < 2"~ — 1, it follows that |m(w)| > 0
for w € [0,1/2). Consequently, the mask m satisfies the modified Cohen’s condition.
The corresponding refinable function ¢ is defined by the decomposition (5.6), where
the coefficients are uniquely determined by the parameters b;.

There exist analogues on the real line R of the dyadic wavelets generated by
refinable functions from Example 5. These are the orthogonal Daubechies wavelets
(see [3], §6.4). In the next example, for each n > 3 we find explicitly a dyadic
entire solution of equation (0.1).
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Ezxample 6. For arbitrary n > 3 we set

1, ifwel0,1/2—1/2""1YU[1/2—1/2",1/2),
b, ifwell/2—1/27"11/2—1/2"),

0, ifwel[l/2,1/2—1/27) Ul —1/2"1),

B, ifwe[l—1/2n"11—1/2"),

m(w) =

where 0 < |b] < 1, |8] = /1 — |b|2. Then it follows from (5.2) that

P(w) = Xjo,1-1/2n-2) (W) + bX[1-1/2n-2,1-1/2n-1) (W)

+ Xpi—1/20-1,1) (@) + BX[2-1/20-2 2 1/2n-1) (W)
2"~
1 T
¢(2) = 5= X0.1) (2n_1> (1 +
l

-3
x
w <2n—1)
=1
x x x
+ bw2n—1_2 (27),—1) + Won—-1_1 <2n_1> + ﬂw27172 (2”—1 >> .

This function ¢ satisfies (0.11) for

1 1 1 1

(if b # 0, then (0.11) holds even for E = [0,1)). We point out that for n = 3 we
arrive at the refinable function from Example 3 again.

and therefore

1

For arbitrary § > 0 we define as follows the dyadic modulus of continuity of a
function ¢:

w(p,8) == sup{lp(z & y) — p(2)| |,y €[0,2"7"), 0<y <6}
(see [2], §1.2). By [2], §5.1, if
w(p,279) < C27%
for some « > 0, then there exists a constant C(¢p, ) such that
w(p,d) < Clp,a)d™. (5.8)

We now find an estimate for the rate of decay of the sequence {w(p,277)} for a
fixed refinable function ¢.

Let N = 2" w; (k/N) = lim,_,_owi(z/N), and ¢~ (k) = lim,_x_o p(z). It
follows from (5.6) and the equalities

S()-Sor(8) 0 ren

k=0
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that
N-1 N
S k)= ¢ (k) =1. (5.9)
k=0 k=1

We define two (N x N)-matrices Ty and Ty by their entries as follows:

(T0)ij = c2—ve-1 and  (T1)ij = ci-HeG-1) (5.10)
where 4,j € {1,2,..., N}. In particular, for n = 2 we have

ch G c1 Co
Tp = ) T ;
Ca2 C3 C3 C2

Chp €1 Co C3 C1 Cyp C3 C2
T, — Cy C3 Cy C1 T C3 C2 C1 C(p
0 cy ¢5 cg cr |’ ! cs Cc4 €7 Cg

C6 Cr C4 Cp Cr Cg C5 C4

and for n =3

For the vector-valued function v(z) := (p(x),o(z +1),...,0(x + N — 1)) we
have

Tov(2 f 0,1/2
o) = ov(2z) or x € [0,1/2), (5.11)
Tyw(2x —1) forze[l/2,1).
Let e = (1,1,...,1) be an N-dimensional vector with all entries equal to 1.
By (3.4) we obtain
€1T0 = €1T1 = €1. (512)

We denote by FE; the orthogonal complement of the vector e; in CV:
By i={u=(uy,...,un)" |us +---+uy = 0}.

Recall that the spectral norm of an arbitrary complex (N x N)-matrix T is defined
by the formula

Tu
T := sup{””u ‘ ueCN, u;«éO},

where ||u|| is the Euclidean norm of u. Let

Tu
AT S“p{”Hu”” lue B ur o}.

Similarly to Proposition 4.1 in [7] (cf. [3], §7.2), using (5.9), (5.11), and (5.12) one
can establish the following result.

Proposition 9. Let ¢ be a compactly supported solution of equation (0.1) gen-
erating MRA in L*(Ry) and let Ty, Ty be (N x N)-matrices with entries of the
form (5.10), where N = 2"~1. Assume that for all m € N,

maX{”lesz o 'Tdm|E1|| | dj € {Ov 1}a 1< ] < m} < Cqm7 (513)

where 0 < ¢ < 1 and C > 0. Then the function ¢ is W-continuous and for each
integer j =2 mn — 1, . .
w(p,277) < C’. (5.14)
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If the function ¢ satisfies the assumptions of Proposition 9, then the Walsh-
Fourier series (5.6) converges uniformly on [0,2"~!). Indeed, it follows from (5.14)
that

lim jw(p,277) =0,
j—oo

and one can apply a well-known condition of uniform convergence ([1], Theo-
rem 2.3.5).
Obviously, for n = 2 the subspace E; is one-dimensional:

Ey ={)lea | A€ C}, where ey = (1,—1)",

and for n = 3 the subspace F; has the following basis:

1 1 1
S=711 @=|T1. 4=
-1 1 -1

This has, for example, the following consequences:
(1) if ¢ is as in Example 2 and 0 < |b] < 1, then

w(p,277) < OB, (5.15)

in particular, for b = 0 the function ¢ is dyadic entire;
(2) if p is as in Example 4 and a = 1, 0 < |y| < 1, then

w(p,277) < Clyp, (5.16)

in particular, for v = 0 the function ¢ is dyadic entire.

Using decompositions (0.9) and (5.7) one can easily verify that estimates (5.15)
and (5.16) are asymptotically sharp (see Examples 4.3 and 4.4 in [7]). We also point
out that under the assumptions of Example 3 the left hand side of inequality (5.13)
vanishes (and the same holds for an arbitrary dyadic entire solution ¢ of (0.1)).

Remark 3. For a fixed solution ¢ of refinement equation (0.1) we denote by «, the
least upper bound of the quantities o > 0 satisfying (5.8). Then

a, = —logy p, (5.17)

where p = p(h, 71) is the joint spectral radius of the operators 7 and 7 defined
in CV by their matrices Ty, 71 and restricted to the subspace V = span{v(z)—v(y) |
x,y € [0,1)} (v is the vector-valued function from (5.11)). The proof is the same as
in the classical case (see [10], [11]) and we leave it out. In particular, the function ¢
is W-continuous if and only if p < 1. Formula (5.17) makes it possible to find
the precise value of the Holder exponent. However, its practical implementation is
sometimes difficult because it involves the computation of the joint spectral radius.
Usually, this problem can be effectively solved only for small dimensions of opera-
tors. In the above examples we have, in fact, computed the joint spectral radius p
for several small values of n.
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Thus, for an arbitrary refinement equation it is possible, theoretically at least,
to compute the exponent of regularity of the solution. Hence it is also possible to
find the exponent of regularity of the corresponding wavelets. One can put the
question of the magnitude of this exponent for fixed n. It is well known that for
classical compactly supported wavelets the exponent of regularity is always finite
and, moreover, is bounded above by the length of the support of the correspond-
ing refinable function. The straightforward analogue of this fact does not hold for
dyadic wavelets. For example, dyadic refinable functions can be entire (Examples 1
and 6). Nevertheless, it turns out that the following alternative takes place for
dyadic refinable functions: either a function is dyadic entire or it has a finite regu-
larity. The finite exponent of regularity is bounded above not by the length of the
support, but by the smallest non-zero value of the modulus of the mask. We defer
the precise statement to §7. Before this, we characterize all dyadic entire refinable
functions.

§ 6. Dyadic entire solutions of refinement equations

In the next result we establish conditions for the location of zeros of the mask
ensuring that the solution ¢ of equation (0.1) is dyadic entire.

Proposition 10. Let ¢ be a compactly supported L?-solution of refinement equa-
tion (0.1) and let m be its mask. Assume that @(0) = 1. Then the function @ is
not dyadic entire if and only if there exists a finite sequence {dk},ivzl, N 21
di, € {0,1}, such that

(@) dy = = dy_y =0, d =
(b) there exists an integer j, n —1 < j < N — 1, such that dj—s = dy—_s for
SZO,...,H—Q (I’ﬂddj,n+2...dN,n+1 :0;

(¢) m(0.diy1...dkyn) #0 forall k=0,...,N —n.
Proof. Let {di}1_, be a sequence satisfying conditions (a)—(c), and let

6 = Odl . djfn+1(djfn+2 o dN*TH’l)

be a dyadic number with period (d;—n42...dN—n+1). Since m € &, and m(0) = 1,
it follows that for each r € N

oo

27‘/6 H 2r kﬁ

k=1

',:]8

m(dy .y —i1 - Ay -

>
Il
—

I
;:18

(O-dr7k+1 cee drkarn) 7& 0

=
Il
—_

(we set d; = 0 for i < 0, take into account the periodicity of m, and use the
following property: each string of length n in the binary expansion of § coincides
with some string of length n in the sequence {dj}Y_,). Therefore, the support of
the Walsh-Fourier transform ¢ is not compact. From Proposition 2(b) we now see
that the function ¢ is not dyadic entire.

The other way round assume that a compactly supported L2-solution ¢ of equa-
tion (0.1) is not a dyadic entire function. Then ¢ € L!(R, ) and by Proposition 2, (c)
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the support supp @ is not compact. Consider an arbitrary number w > 22" such
that @(w) # 0. Its binary expansion can be written in the following form:

l oo
w=Y w2+ w2, wie{0,1},  w =1, I>2"""
=0 j=1

From (0.5) it follows that m(27°w) # 0 for all s € N. Arguing as above and using
the inclusion m € &, we show that the mask m does not vanish at the following
points:

Y = 0.0...0w_l_1, Yi—-1 = 0.0...w_lw_l_1, ey Yo = O.w_n...w_Qw_l

Each dyadic number 4 (s = 0,...,1) has exactly n significant digits in its binary
expansion. Since [ > 271, it follows that there exist two numbers among vy, ...,V
starting with the same sequence of n — 1 digits. Denote by r the smallest integer
possessing the following property: for some k € N the first n — 1 digits of the
numbers 7, and v,_j coincide. Then the sequence 0,...,0,w_;_1,...,w_, is as
required and the proof of Proposition 10 is complete.

Proposition 10 reduces the question whether the solution of refinement equa-
tion (0.1) is dyadic entire to a mere exhaustive search among all binary sequences
of length 2"~1 —n + 1.

Corollary 6. If a compactly supported L?-solution ¢ of refinement equation (0.1)
is dyadic entire, then

supp p C [0, 22"71] .

Corollary 7. If a mask m of refinement equation (0.1) is equal to zero identically
on the interval [277,27"+) for some r € N, then the solution ¢ is dyadic entire.

Proof. Since the mask m is equal to 1 on all the intervals [k, k +27"), k € Z,
it follows that 1 < » < n. Hence m(w) = 0 whenever the binary expansion of w
starts with the sequence 0.0...01 (r consecutive zeros followed by one). Therefore,
there exists for the mask no sequence {dj}_, satisfying conditions (a)-(c) from
Proposition 10.

In particular, if a mask is equal to zero on the interval [1/2, 1), then the solution ¢
of equation (0.1) is dyadic entire. We also point out that if

) 1 forwel0,277),
m(w) =
0 forwe 277,27,

where r € N, 7 < n, then ¢(x) = 2'7"x[g 2r-1)(x) regardless of the values of the
mask at all other points.

§ 7. An alternative for smooth refinable functions

Thus, for an arbitrary refinement equation one can decide by means of a finite
exhaustive search whether the solution is dyadic entire. It turns out that if a
solution ¢ of equation (0.1) is not dyadic entire, then it has a finite regularity.
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Moreover, the Holder exponent o, has an effective upper estimate by the smallest
non-zero value of the modulus of the mask, and this upper bound is sharp.

The modulus of the mask |m(w)| is a piecewise constant function with step 27",
therefore it can take 2™ values at most. One of these values is zero because by the
modified Strang-Fix condition (Theorem 1) the mask must vanish on the period
interval. Let a,, be the smallest non-zero value of the modulus of the mask m:

am = min{|m(w)| | w € Ry, m(w) # 0}.

Since the mask has period 1 and is constant on the dyadic intervals of range n,
the value of a,, coincides with the smallest non-zero number in the set {|m(27"k)|,
k=0,...,2"" 1}

Theorem 4. The following alternative holds for each compactly supported L?-solu-
tion ¢ of equation (0.1) satisfying (0) = 1:

(1) @ is a dyadic entire function;

(2) am <1 and ay, < —logy ap,.

Proof. Assume that ¢ is not a dyadic entire function; then by Proposition 2(c) the
support of the function @ is not compact. This means that there exists arbitrarily
large w for which @(w) # 0. If we define a positive integer k by the inequalities
2F < w < 281 and take into account the equalities m(277w) = 1 for all j > n+k+1,

then we obtain
nt+k

P(w) = Hm(2_jw) = H m(279w). (7.1)

Since p(w) # 0, for each j = 1,...,n + k the quantity |m(277w)| is non-zero and
is therefore at least a,,. Substituting the inequality |m(277w)| > a,, in (7.1) we
obtain

B(W)] > (am)"+* (7.2)

If we now assume that a,, > 1, then there exists by (7.2) arbitrarily large w such
that |p(w)|?> > 1. However, since the function |P(w)|? is constant on the dyadic
intervals of range m — 1, it is not integrable on the half-line R;. This means
that @ ¢ L?(R.), and therefore ¢ ¢ L?(R. ), which contradicts the assumption.

Thus, a,, < 1. Substituting the inequality k¥ < log,w in (7.2) we obtain the
inequality |P(w)| = (am)"/w™ 19829 On the other hand |P(w)| < (1/2)w(yp,2/w)
for each w > 0 (see [2], Ch. 9, exercise 9.12). Hence there exists a positive constant C
such that |p(w)| < C/we for all w > 1. Therefore, a, < —log, a,, and the proof
of Theorem 4 is complete.

Remark 4. There exist infinitely smooth functions in R, that are not dyadic entire.
For refinable functions, however, this situation is impossible by Theorem 4. The
estimate o, < —logy a,y, is sharp for refinable functions. It is attained, for instance,
on the Lang functions (Example 2). By contrast with the situation on the real
line R, where for each n there exists a unique refinable function of maximum
smoothness (the cardinal B-spline of order n — 1; see, for instance, [12], [13]),
the regularity of solutions of equation (0.1) is unbounded for fixed n. However, it is
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bounded for functions that are not dyadic entire for fixed value of a,,. This bound
is always attained for fixed n and a,, on compactly supported dyadic refinable
functions.

Thus, for dyadic wavelets we can verify in finite time whether a wavelet function
is dyadic entire. If not, then we can find an upper estimate of its exponent of
regularity. Another useful consequence of Theorem 4 concerns the case when the
modulus of the mask takes only two values: 0 and 1, in particular, if the mask is
the indicator function of several dyadic intervals of range n.

Corollary 8. If the modulus of the mask of equation (0.1) takes values 0 and 1,
then the L?-solution of this equation is dyadic entire.

Proposition 10 provides an algorithm testing whether refinable functions belong
to the class of dyadic entire functions. For masks with modulus taking only two val-
ues this algorithm actually gives one a criterion for the solubility of the refinement
equations in L?(R,) (Corollary 8).

Using Theorem 3 we obtain the following result.

Corollary 9. If a function ¢ generates MRA in L*(R,), and the modulus of its
mask takes values 0 and 1, then this function and the corresponding wavelets are
dyadic entire.
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